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SUMMARY 
Many production machines are used in which flexible material 
is processed. In these machines, cyclic tension variations can 
be induced in the material by interaction with the machine components. 
At resonance, these variations can be large and may result in 
breakage or distortion of the material. It is important to determine 
these resonant frequencies, and their dependence on the machine 
parameters, to help avoid these problems at the machine design stage. 
A mathematical model of such machines has been developed. 
Materials with linear elastic and linear visco-elastic tensile 
properties have been considered. The effects of friction between 
material and guide rollers have been included. A numerical method 
has been used to solve the resulting differential equations. This 
method gives accurate results even when adhesion between the material 
and some machine components is lost. 
By assuming the tension perturbations proportionately small, 
an approximate linear model was derived. It was found to give resonant 
frequencies close to those predicted by the non-linear model, but 
gave less accurate estimates of the amplitudes at resonance. 
For the linear model orthogonality relations for the eigenvectors 
were derived. Using these relations expressions were obtained which 
are first order approximations to the amplitudes of oscillation at 
resonance. The amplitudes are related to the angles of wrap round 
the rollers and, in the visco-elastic case, to the loss factor of 
the material. In addition, the expressions determine how the amplitudes 
are related to the position of the corresponding span in the system. 
Expressions were also found using perturbation theory. They give 
the local variation of the resonant frequencies with respect to 
the span lengths and moments of inertia of components of the 
system. These relations are used to carry out an analysis of 
certain types of system. 
Experimental work has been carried out, using a closed loop 
of material, to test the predictions of the mathematical model. 
A variety of materials was used with several different systems 
of rollers. In general, the results show that the resonant 
frequencies detected corresponded closely with those predicted, 
but the amplitudes tended to be over-estimated. Finally a programme 
of work was carried out on a production machine, and the results 
compared with model predictions. 
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CHAPTER 1 
INTRODUCTION 
1.1 INTRODUCTION. 
Ever since manufacturing industry has been established, a 
proportion of it has been devoted to making or using material in 
the form of thin sheets. Processes have been used to manufacture 
textiles, paper, sheet-metal and in recent years plastic film. 
Additionally, there are processes using these materials, specifically 
in the printing and packaging industries. Modern processes exploit 
the continuous nature of the basic material by giving continuous 
in-feed of material into the system and transport through and out 
of the process. Therefore it becomes a prime concern to maintain 
this continuity as much as possible. A second major concern is the 
quality of the final product. 
In the paper industry, the continuous material is known as the 
web. In other industries, alternative terms such as foil, strip or 
film are used. For consistency, in this thesis, the term "web" will 
be used for all types of continuous material. 
For reasons of chronological precedence, the problems concerned 
in manufacturing and using paper have been considered in most detail. 
Tests of material have been made to determine breaking strength [1-4j. 
However, it is found in practice that web breaks occur even when 
the web tension is much less than the break tension determined under 
test. There are two main reasons why this can happen. First of all, 
the material will not be perfectly homogeneous, but subject to 
randomly distributed local irregularities. In some cases, these can 
lead to local concentrations of stress. For example, in the paper 
industry cracks in the paper web are quite often found and are caused 
by wooden shives. Theoretical work has been carried out, considering 
the stress distribution near the crack C5] which shows a 
concentration of stress near the edges of the crack where the 
curvature is greatest. As a result, it is possible to get a web 
break through crack propagation at a moderate overall web tension. 
The second cause could be considerable variation of the tension 
about the mean. As a consequence, rupture might occur at a much 
higher peak web tension. In general, it is probably as a result 
of a combination of these two effects that web breaks occur. 
For these reasons, the problem can be attacked in two ways. 
The first involves improved manufacturing processes to reduce the 
severity and density of irregularities in the finished product. 
The elimination of shives in paper manufacturing is an object 
which is eternally pursued by the industry. Another 
practice which has in some cases been followed is the reinforcement 
of web edges C6]. This should help prevent edge cracks developing 
which could initiate web breaks. 
The second approach involves controlling of the web tension, 
to eliminate high tensions which could cause breaks or permanent 
elongation of the material (in the case of plastics film) or low 
tensions which can lead to wander or slack in the material. At 
low speeds of production, this has been to a certain extent realised, 
but as economic pressures have encouraged higher speeds of production, 
web tension measurement and control has become more difficult. 
As speeds of production increase, the speed of response of 
tension control devices becomes critical. Before suitable control 
systems are devised, it is necessary to find out what tension 
variations are important and the time scale over which they operate. 
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Having done this, one must evaluate how effective the various 
tension control devices available are. It. is more difficult to 
control the higher speed variations, so an alternative method is 
to try and design a system which will minimise these variations. 
To do this, it is necessary to construct a model of such machinery 
to determine how the tension disturbances occur and how they are 
propagated through the system. 
The aim of this work is to investigate how the tension varies 
by constructing appropriate mathematical models. In particular, 
it is known that for certain conditions of the machine, very large 
oscillations in the web tension can occur. A large part of the 
work concerns using the mathematical model to determine what machine 
conditions lead to these large oscillations, and comparing these 
predictions with measurements on a test machine. Having developed 
a model which agreed with the test results to a reasonable degree 
of accuracy, it is used to consider the effect of various machine 
parameters on these tension oscillations. As a corollary, the 
dynamic effect of various automatic tension control devices can 
be considered and their effectiveness evaluated. The object is 
to develop guidelines for designing machines for high-speed 
production in such a way as to minimise the extent of high frequency 
oscillations and hence improve runnability. 
1.2 REVIEW AND DISCUSSION OF PUBLISHED WORK. 
In this section, previous work concerned with modelling of 
(principally) printing machines is reviewed and discussed. In 
addition to two major attempts to model a complete section of a press, 
there are various other pieces of work which are relevant to this 
study. 
An introduction to the theoretical consideration of printing 
machines was provided by N. J. E. Haglov at the PATRA Newspaper and 
Rotary Letterpress Conference in October 1957 [7 ]. In his paper, 
Haglov considered the various parameters that have to be taken into 
account when seeking to model a press. He comes to the conclusion 
that, for good printing, it is necessary to regulate the tension 
to within a few percent at all times, regardless of disturbances 
or irregularities. 
An early attempt to develop a mathematical model was set out 
in a paper by R. H. Oppenheimer and H. F. George of the Gravure 
Research Institute in 1966 [ 8]. The model, of a multi-colour 
gravure press, is set up by considering mass transfer of material 
in the system between successive impression cylinders (which act 
as nips). The tension in the system is assumed to change only near 
the region of contact on the impression cylinder. The objective 
of the modelling was to determine the relationship between web 
tension and longitudinal register in the system. In a second paper 
9 J, the model has been developed into a form suitable for computer 
simulation of misregister on a press and the computed results are 
compared with experimental determinations. The authors claim 
reasonable concurrence between the two. 
A lengthy mathematical study was made during a four-year 
investigation of web tension behaviour by the INCA-FIEJ Research 
Association. The first report Clo], by D. King in December 1969, 
gave a mathematical model of the tension behaviour between the 
printing nip and the roller preceding that nip. Several assumptions 
about the paper and the system were made and the resulting model 
consisted of a pair of ordinary differential equations which were 
solved both analytically and by programming on an analogue computer. 
The model that resulted was analogous to that for a mass-spring 
arrangement, with the "mass" being provided by the roller moment of 
inertia and the'§pring'by the extensibility of the paper. One 
significant result found was the possibility of system resonance. 
If for example the roller was dynamically out of balance, there was 
a particular running speed at which the derived tension oscillations 
were very large indeed. 
Considerably more detail of the work carried out was given in 
a status report published by IFRA in March 1970 [11]. The mathematical 
model was extended to cover the whole press between the reelstand and 
the printing unit. Two particular assumptions which were made are 
significant in the light of work carried out in this thesis. First 
of all, it was considered that paper hysteresis had an insignificant 
effect on dynamic tension variations, althotgh it was admitted that 
this warranted further consideration. The effect depends largely 
on the time-scale over which any visco-elastic effects would give 
significant changes. For paper, this could be much slower than the 
comparatively short period that a particular paper element is being 
run through the press. The second assumption concerns the region 
of contact between web and roller. The model considers two alternative 
hypotheses. The first assumes that the paper slips continuously over 
the rollers. This gives rise to a particularly simple model. A more 
complicated model results from an alternative assumption, that there 
6 
is no slip and contact between web and roller is concentrated at 
a single point. 
The mathematical models were used to simulate actual press 
runs on a Hoe-Crabtree press at the Cambridge Evening News. 
Typical recordings were given in the report, alongside graphical 
representations of the corresponding computer simulations. The 
authors claimed a fair measure of agreement with both models, the 
difference between theory and practice being about 20% in both 
frequency and amplitude. Since the two alternative assumptions 
gave rise to similar computer simulations, the slip model is 
considered more useful because of its simplicity. 
The reason that these two models appear to give much the same 
result will become apparent as a consequence of work carried out 
in this thesis. It is found that at comparatively low running 
speeds (compared to those liable to cause resonance problems) 
disturbances of tension in different parts of the system are similar 
in phase and magnitude. As a result, apart from step changes in 
tension due to friction at the driven roller bearings, the dynamic 
tension between reelstand and printing unit can be considered uniform. 
This reasoning would also suggest that the assumptions used in the 
earlier model for a multi-colour gravure press will hold for moderate 
press speeds. 
The factors which affect the web tension in the region of contact 
between web and roller were considered in some detail by G. Brandenburg 
C12D 
,a summary of whose work appeared in the September 1972 issue of 
Newspaper Techniques [13]. The author based his theory on the 
"capstan law" for friction between roller and web. He was able to 
determine how a system of rollers reacted to changes in the roller 
peripheral speeds. This work was carried out to determine how 
roller peripheral speed varied for speed control purposes. However 
the work on the contact area is relevant to this thesis, and can 
be combined with a model similar to that given by IFRA. 
1.3 FORMULATION OF THEORETICAL WORK. 
In the last section, we have seen the work that has been carried 
out so far. The models describing large parts of the press have all 
been linearized. This has the consequence that the tension disturbances 
that arise are independent of the mean web tension in the machine. 
This is generally not true. In particular, when the mean tension is 
fairly low, or the tension variations are large, we would expect, in 
accordance with the work by Brandenburg, that slip between material 
and roller will result. 
For this reason, the original model proposed in this thesis is 
non-linear, and is based on the capstan law of friction in the region 
of contact. It is found that dynamic stick-slip at the rollers can 
occur, and this is allowed for. It is possible to determine how the 
variations, and in particular the resonance features, are affected 
by the mean web tension. 
From this model, a linear model can be derived when the tension 
variations are small compared to the mean web tension. This model 
could be formulated from the assumption of complete adhesion between 
material and roller over the whole region of contact. This is 
different from the assumptions made for earlier models, and gives 
rise to considerable differences in predictions of tension variations, 
particularly at system resonance. 
All this work assumes that the material being processed is 
ideally elastic. However it is known that the tension-extension 
relations for real materials are more complicated. One factor 
which appears particularly when considering machines processing 
polymeric film is viscoelasticity. Using a standard model for 
linear viscoelasticity, it is incorporated into the model. 
Corresponding non-linear and linear models are derived. 
Finally, the models are used to determine-how the resonance 
features of the system depend on the various machine parameters. 
The linear models are much better suited for this, as we can 
consider the system as a linear eigenvalue problem, and use results 
which are well established in mathematical analysis. Justification 
for using the linear model comes from considering the results 
derived from the non-linear models, as well as experimental work 
on a specially constructed test rig and an industrial machine. 
CHAPTER 2 
FORMULATION OF MATHEMATICAL MODEL FOR 
LINEAR ELASTIC MATERIAL 
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2.1 ASSUMPTIONS USED IN MODEL. 
To develop a model which was manageable, it was necessary to 
make certain simplifying assumptions, particularly concerning the 
state of stress in the material. Here we shall specify what 
assumptions have been made for the model that has been derived. 
Some are clearly justified. Some others are only approximately 
satisfied, and are justified later by the accuracy of the model in 
practice. 
1) The material is in a state of uni-axial stress. 
This is an assumption that in general is only approximately satisfied. 
Tension profiles across material have been measured C 14 J and these 
show distinct edge effects and are not flat. However, we would 
expect the stress to be approximately uni-axial over most of the 
width of the material over most of the spans. 
2) The weight of the material may be neglected. 
This is a consequence of assuming that the machine is being run 
under sufficient tension to prevent any significant sag of the 
material between the rollers. This is a requirement for reasonable 
machine control, as sag can lead to material wrap-up around machine 
components. 
3) The material is homogeneous and of uniform thickness. 
In practice this will only at best be approximately true. The 
equations where this is used are derived from considering the amount 
of unstretched material in a span. This sort of quantity will rely 
largely on the average value of the material properties over the span. 
So unless the material properties change significantly in that 
path length (as opposed to a much shorter or much longer path- 
length) non-uniformity is unlikely to have a large effect on the 
model. 
4) The material is isotropic. 
Isotropy will only be a property of a small minority of materials 
we wish to consider. However, since we are only essentially 
considering stress and strain in the direction of material movement, 
a looser condition would be that the principal axes of the material 
have a fixed orientation. 
As a consequence of assumptions 1) to 4) we can assume the 
tension between machine components is position-independent. 
5) Strains are small. 
This is certainly the case for the types of material we are 
considering, typical strains being no more than 0.001. As a 
consequence, we can say that Vn, the peripheral speed of roller n, 
is very nearly the same as U, the machine running speed. 
6) The coefficient of friction between the material and the 
rollers is uniform, and Coulomb's Laws of friction are satisfied. 
The dynamic and static coefficients of friction 
Coulomb's Law of friction states: 
(i) If the tangential force FT < pF 
then an equal and opposite force FF will 
act on the body which will remain 
stationary. 
R 
are assumed equal. 
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(ii) If FT > uFR, then a limited 
frictional force FF = uFR will act on 
the body, which will move under the 
action of the resultant force FT PF R* 
FR 
ý 
FT 
ý 
<- 
FF 
Values of p have been measured for a large number of pairs of 
materials [15-18I. Typical values range from 0.2 to 1.0. In practice, 
the dynamic coefficient of friction is less than the static coefficient. 
However the values will not generally be radically different and for 
simplicity are assumed equal. 
7) The material behaves as a linear elastic solid obeying Hooke's 
Law. 
At low strains, metal strip and to a degree paper behave in 
this way. Other materials such as plastics have more complex 
properties which are considered later. From 5) we can see that the 
tensions Tn «k where k is the tensile "stiffness" (tensile modulus x 
cross-sectional area). 
2.2 DYNAMIC EQUATIONS GOVERNING ROTATING MACHINE COMPONENTS. 
2.2.1 Equation of Motion of Free Roller. 
- The commonest component of any machinery for processing continuous 
pliable material is the free roller which is driven only by the 
passage of the material over it. These rollers are used to support 
the material as it is transported between processing units. The 
only external couple acting on the roller is that due to the 
difference in tension of the spans of material before and after the 
roller. 
V 
n ýýy 
0 Centre of Rotation, A Centre of Mass. 
OA 
Mass 
Moment of Inertia 
Radius 
a n 
M 
n 
J 
n 
R 
n 
Fig. 2.1. 
We represent the couple due to friction at the roller bearings 
as the sum of two couples 
Fn + Gnw 
where Fn is the static friction couple, and Gnw is the viscous 
friction couple. w is the angular speed of the roller. 
If the roller is unbalanced (the centre of mass is displaced 
from the centre of rotation) then the roller will experience a 
further oscillatory couple Mngan sine. So the equation of motion 
is: 
VV di 
=R (T -T ) +Mga sin9-F -G 
n 
dt nR1 nn n-1 nnn nR1 
which gives 
where 
dVn Rn 
2 
nga 
nRn 
nFn 
_G 
nn 
dt J(T n- 
Tn-1ý +J sin8 -JJ 
nnnn 
d© vn 
dt R 
n 
C2.2.1D 
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2.2.2 Equation of Motion of Externally Driven Rollers. 
To ensure smooth running of the machine, and to keep the web 
tension as low as possible, several of the rollers can be externally 
driven. These driven rollers are controlled to give compatible 
speeds of material run-through at each stage of the system. (The 
speeds may be different if the gauge or width of the material is 
being changed in the processing). 
These rollers will be constrained as far as possible to run 
at constant designated speeds. The degree of control will depend 
on the amplitude and speed of deviation from this state. If the 
rate of speed deviation is low compared to the speed of response 
of the control, we may assume that the roller is running essentially 
at the designed constant speed. If the rate of deviation is very 
much faster than the speed of response, then the roller will respond 
to these changes as if it were a roller free of outside control. 
In addition, if the motor and roller are not rigidly coupled, small 
amplitude deviations (as we assume they are) will not (or only 
partially) be transmitted back through the coupling to the control 
system. So in this case, we can assume for small-deviations, the 
roller acts as a freely moving roller, with its effective moment 
of inertia including the roller components up to the coupling. 
As some form of coupling is generally the case, we assume that, 
for small changes, the roller will behave as a free roller. In 
particular this assumption was made for the drive roller in the 
test rig systems, as there is a coupling which absorbs vibrations 
between the drive roller and the drive motor. This assumption has 
a significant effect on the predicted oscillations. It is supported 
by the experimental work on the test rig rather than the alternative 
assumption that the drive roller rotates at a constant angular 
velocity. See Chapter 6.5.13. 
2.2.3 Equation of Motion of Material Roll. 
The other main component of any production machine is the 
roll delivering material to the system or the take-up roll collecting 
the material at the end of the system. We shall consider the lead-in 
roll but the take-up roll equations will be similar. 
We assume for simplicity that the internal tension of the 
material on the roll is a constant To. In practice the tension is 
a function of the distance from the roll centre. There will in 
addition be local distortions due to irregularities in the material. 
However, during the work described in Chapter 7, for example, these 
were usually found to be small. Then we have, analoguous to the 
free roller case: 
[J1v1] GV 
dt ° R1(T1 - To) + M1galsinA - g1 -R1 
1 
E2.2.2] 
where the frictional terms Fl, Gl will include braking on the roll 
to maintain a designated average tension in the system. 
Here Jl, R1 are functions of the running time t. 
J1 =Jý+2 nQb(Ri - Rý) 
dRl V1d 
dt 21YR1 
where Jc, Rc are radius, moment of inertia of the roll core. 
Cr material density 
b material width 
d material thickness. 
The equation for dR1/dt is found by assuming that the roll consists 
of a series of concentric circles of material. Then at radius Rl, 
it takes a time 2TrR1/V1 to remove one circle of thickness d. So 
we have from [2.2.2j 
dVl R1 M1ga1R1 
dt =J1 
(T1 - To) +11 sinO - 
R1 d J1 
_V 
dRl 27rQbR3 
v 
1111 
dt R1 1 dt J1 R1 
f 
C2.2.3ý 
F1R1 G1v1 R1V1 d IJ1 
J1 J1 1111 J1 dtIR1 
Vid 2ýrcrbRl 
_1 27rR1 Jl Rl 
Vid 11 QbRi 
R2 
27r J 
1 
[2.2.4J 
For usual running speeds U, the thinness of the web (d « RI) leads 
to this factor in the equation being very small. The effect of 
including [2.2.4] in the model is considered for the linearised model 
in Chapter 3.2. It is found to have negligible effect unless the 
amplitude of tension oscillations is very sensitive to changes in 
machine parameters. Even at resonance, the effect is generally small. 
For this reason, this equation was not included in the more complex 
models. 
G1y1 
_R1v1d 
J1 
J1 J1 dt R1 
2.2.4 Equations of Motion of Spring-Loaded Roller. 
An increasingly common feature of these systems is a roller 
whose axis is not fixed but which is allowed to move in a vertical 
plane under the influence of the tension in the web before and 
after the roller. In some cases the axis is spring-loaded-to 
control this movement. These rollers are used to control the tension 
in the system by smoothing out the variations in tension in the 
span leading up to the roller. 
Spring-Loaded Roller 
Mass Mq 
yq Angle of Wrap aq = aq + aq 
Spring Stiffness Pq 
System Damping Sq 
Fig. 2.2. 
We split the motion of the roller into two components, an 
angular motion with peripheral speed Vq and a vertical movement 
with speed dyq/dt. The equation of angular motion will be the same 
as for a freely driven roller of radius Rq, moment of inertia Jq. 
If we consider dyq/dt positive for motion downwards the equation 
of vertical motion will be: 
M 
d2yq dyq 
+P (y -y)=T sin aI +T sin aE 
12.2.53 
q dt2 q dt qq eq q-1 qqq 
where yeq is the height at static equilibrium, 
g is the acceleration due to gravity, P4 is the spring stiffness 
and Sq a damping constant of the roller control system. aq is the 
angle that the line between the centre and the start of the area 
of contact on the roller makes with the vertical. aq is the angle 
between the vertical and the line joining the centre and the exit 
point. Usually the roller is arranged so that there is little 
sideways force acting on it. So, generally aq = aq = aq/2. 
Another important consequence of the vertical movement of 
the roller is the variation of L q-1 ,Lq. 
We have 
dLý -sin(ýg - gE 
) dy 
q 
dt cos ýq dt 
dLq 1- -sin(ýq-1 - aq) 
dyq 
dt cos ýq-1 dt 
[2.2.6, 
A full derivation of [2.2.6J can be found in Appendix 1. If the 
variations in yq are large aq, aq (and the equivalent angles 
aq_l, 
aq+l on rollers q-1, q+l) will vary as a function of yq and 
this must be taken into account. If yq followed an oscillatory 
motion, the change in the angle will give rise to'the first harmonic 
of this oscillation appearing in the span length variations. As 
daq/dt does not appear explicity in [2.2.6j this wi'l be a second- 
order 'ffect. From [2.2.5] we can see that the amplitude of high- 
frequency oscillations in yq will be restricted by the mass of the 
roller and the operating tension of the system. For typical values 
[Mass = 50 kg, Tension = 300N [14ý] at a frequency of 10 Hz, the 
maximum possible amplitude is about 2mm. This is much less than 
the typical path lengths. For this reason, we neglect the change 
EI 
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in the angles of wrap when using the models to investigate high 
frequency oscillations. 
2.3 CONDITIONS OF SLIP AND ADHESION OVER ROLLER CONTACT AREA. 
2.3.1 Introduction. 
The problem of determining what happens as the web moves over 
a roller has been considered in detail by Brandenburg [13]. He 
based his work on the "capstan law" of friction. Under semi-static 
loading he deduced that the roller contact area is divided into two 
regions. 
1. Region of adhesion with constant tension. 
2. Region of slip with variable tension. 
For the region of slip on the roller, the tension is a solution 
of the equation: 
dT(x') 
+ uT(x') =0 dx' R 
[2.3.1D 
The ± sign is determined by whether the tension after the roller is 
< tension before the roller. T is the tension, R is the roller 
radius, and p the coefficient of friction (the static and dynamic 
coefficients of friction are assumed equal). 
When the roller is rotating, inertialforces have to be included. 
If the radial components are neglected (permissible for rollers which 
are not too small or web velocities too large) the equation of motion 
in the region of slip was found to be: 
8x't) ± 
uT(X'R, t) 0 E2.3.2] da dt - 
DT( x' 
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where a is the area density of the material, d the material thickness 
and V the peripheral speed of the roller. 
For the range of speeds we are considering, the first item 
can be considered negligible, so the equation reduces to 
8x' ±R=o 
E2.3.3 
If the difference in tension before and after the roller is 
sufficiently large, we shall have complete loss of adhesion between 
material and roller. This will occur when the region of slip occupies 
the whole region of contact. If the roller has length of wrap x', 
then from 2.3.31 we can see that: 
T(after roller) = T(before roller) exp(± pxö/R) [2.3.4] 
We define the angle of wrap a= xö/R where R is the roller radius. 
Loss of adhesion is considered in Section 2.5. For this section, 
we may assume that at any time t, for all the rollers n=1, N 
Tn(t) exp(pnan) < Tn-1(t) < Tn(t) exp(pnan) 
where an is the angle of wrap of material over roller n. 
Un is the coefficient of friction between material and roller n. 
In addition we define the tension in the area of contact on roller n 
to be Tn (x, t), where x is the linear displacement from the entry 
point of the area of contact. 
Brandenburg found that the area of contact could be divided 
into 3 distinct regions. We define the boundaries between these 
regions to be yn(t), ßn(t) where yn(t) '< ßn(t). yn(t), an 
(t) are 
angles of wrap measured from the entry point (in the direction of 
rotation) of the roller contact area. 
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The three regions are defined as follows: 
I. 0 << x; nYn(t) - an entry region of slip. Here the tension 
will satisfy 
TnC (x, t) = Tn-1(t) exp(± p x/R 
n) 
[2.3.5] 
dTn-1(t) 
The sign is determined by the sign of - dt 
II. Rnyn(t) ;x nn(t) -a central region of active adhesion 
where the tension is "frozen" into the material. Here the tension 
is a solution of the equation 
aTc aTc 
atn 
Vn 
ax =0 
As we assume Vn =U to first order of small quantities, we 
shall usually approximate this by 
aTc uaTc 
n+n-0 
at ax 
A general solution of 2.3.7] is 
Tn(x, t) = f(t - x/U) 
where f can be any differentiable function. 
[2.3.6ý 
C2.3.71 
[2.3.8] 
III. n0n(t) IxIRnan- an exit region of slip. Here the tension 
is 
Tn(x, t) = Tn(t) exp(± un x/R1 - an [2.3.9] 
The boundaries of the regions y (t), an (t) are determined 
by equating the values for TC(x, t). It is shown in the next 
two sections that the situation depends on whether the tension 
Tn_1(t) changes quickly or slowly. 
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For if 
ý 
unVn 
T (t), Y(t) =0 R n-1 n n 
dTn-1(t) 
dt 
Figure 2.3. 
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2.3.2 Tension in Contact Area under Influence of Slowly-changing Tension. 
If inequality [2.3.10] is satisfied for all time t for subscript 
n-1, n the regions on roller n can be evaluated quite simply. 
Region I disappears. In addition we can show that if Tn(t) 
satisfies 2.3.10], once an element of material has moved into 
Region III, it cannot move back into Region II. 
Assume for example Tn(t) > Tn (R. ß $ t) = Tn(t) 
SO 
Tra(t) = Tra(t) exp(- un(an - ßn(t))) 
Over the time interval t to t+ St (St > 0) we also assume 
(1) dTn 
>-p 
Vn T (from [2.3.10]) 
dt nRn 
n 
(ii) 
don 
>vn dt R 
n 
[2.3.11D 
Assumption (ii) says that Region II is "catching" the material in 
Region III as the boundary between the two is moving forward faster 
than the angular speed of the material round the roller. We shall 
show that (i), (ii) are mutually incompatible. 
From (i) we get 
Tn(t + St) > Tn(t) exp(- UnVndt/Rn) 
By definition of ßn(t + öt) we also have 
[2.3.12D 
Tn(t + dt) = n(t + St) exp(- un(an - ßn(t + at))) 2.3.131 
So, substituting [2.3.12) into 2.3.13, 
Tn(t + öt) > Tn(t) exp(- un(an - ßn(t + St) + Vn WR )) [2.3.14D 
From (ii) we can see that the material element on the boundary of 
the two regions at time t will be in the region of adhesion (Region II) 
from then on. The tension of the element will be maintained at its 
value at time t. By time t+ St, the material element will have 
moved on to Rnßn(t) + Vn St. 
Since this element is in the region of adhesion we have 
Tn(Rnßn(t) + VnSt, t + St) , Tn(t + St) exp(- un(an - ßn(t) - VnSt/ n)) 
2.3.15] 
And from (ii) T (R a (t) +V St, t + 5t) = Ta(t). 
nnnnn 
If we substitute the expression for Tn(t) in [2.3.111 into 2.3.15, 
we get 
Tn(t) ; Tn(t + St) exp(unVnSt/Rn) 
which is a direct contradiction of 2.3.121. 
Clearly, if we had assumed 
dT uV 
Tn(t) < Tn(t) and dtn <Kn Tn, 
n 
the same result follows. So we know 
dßn(t) vn 
dt ýR 
n 
[2.3.16Lý 
E2.3.173 
Hence, any element of material in the region of adhesion at position 
x at time t has always been in the region of adhesion since it entered 
-the area of contact at time t- x/U. 
From [2.3.8] we have 
0, x< nßn(t) Tn(x, t) Tn_1(t - x/U) 
C2.3.18 
And in the exit-region of slip we have 
Tn(x, t) = Tn(t) exp ± un(x/ n- an) E[2 . 3.19] 
the sign and the value of ßn (t) can be found by solving 
Tn-1(t - nn(t)/U) = Tn(t) exp(± un(ßn(t) - an)) 
[2.3.20) 
If condition [2.3.10] is not satisfied universally, the problem 
is more complicated. This is considered in the next section. 
2.3.3 Tension in Contact Area under influence of Fast-changing Tension. 
In this section we are concerned with determining the tension 
when condition [2.3.10] is not satisfied all the time. When 2.3.101 
is satisfied yn(t) = 0. When 2.3.101 is not satisfied we have 
dTn-1(t) 
dt 
unVn 
R n-lýt) 
ýT 
n 
[2.3.211 
Using the obverse of the argument given in detail in the previous 
section, C2.3.21] implies 
dY it) R. dt >V n. 
[2.3.22] 
So it appears that dyn(t)/dt >, 0 for all time t, and is strictly 
positive when [2.3.21] is satisfied, For the particular case of an 
oscillatory tension, when conditions 
[2.3.10] 
, 
[2.3.21] are satisfied 
alternately, it is impossible for y (t) to be a continuous function 
of time. A typical graph of y (t) for an oscillatory tension Tn_1 
is shown in Fig. 2.4. 
Yn(t) 
0 tl t2 t3 t4 t 
Figure 2.4. 
In Figure 2.4 the slow changing tension condition l2.3.10J is 
satisfied in the three time intervals 0<t< tl, t2 <t< t3 and 
t4 < t. Isere y (t) = 0. For the two time intervals tl <t< t2, 
ý 
t3 <t< t4 the fast changing tension condition [2.3.21] is satisfied 
and here y(t) > 0. There are discontinuities in y(t) at the two 
"changeover" points t= t2 and t= t4. 
The front-slip region, when it exists, has the important property 
that it "catches up" the material in the region of adhesion in front 
of it. This is a consequence of relation [2.3.2]. The material in 
the regýon of adhesion is moving forward over the roller with the 
roller peripheral speed nV . 
The front-slip-adhesion boundary is 
dy (t) 
moving forward with speed n dt So we can say that the 
boundary 
point at time t is inside the region of adhesion at time up to t. If 
we can assume that this element of material has been in the region of 
adhesion since it came into contact with the roller, we can derive 
an equation for yn(t) along the lines of [2.3.20]. This assumption 
at first sight would appear to be obvious but in fact in certain 
cases is untrue. This can be seen by referring to Figure 2.4. 
Assume the element came into contact at time t with the roller in 0 
the "slipping period" tl < t0 < t2. After time t2, the slip region 
disappears and the element is now in the region of adhesion. However, 
it is possible for it to be "caught" by the subsequent slipping 
period, if for some t', such that t3 < t' < t4, 
ti v fidt 
yn(t') =R 
tn 
0 
[2.3.23 
In this section, since Vn = U, the machine speed, we simplify 
the RHS of 2.3.23] to U(t' - to)/Rh. 
If we can assume to >, t2, we can derive the following equation 
for yn(t): 
n-1 
(t) exp ± uny n(t) = 
Tn-1(t - nYn(t)/U) . 
[2.3.24] 
This equation is similar to [2.3.20] for ßn (t), but when we try and 
solve it, in the same way, we encounter problems. We solve [2.3.20] 
iteratively by using the value found for ßn at time t as an initial 
guess of the value at a short time t+ St later. This method is 
found to work very satisfactorily, with sufficient accuracy after one 
iteration. This method does not work for [2.3.24], first of all 
because for all ty (t) =0 is a solution. So if yn =0 at some 
instant this method will never iterate away from zero thereafter. 
This could be overcome by testing whether the inequalities [2.3.10] 
or [2.3.21] are satisfied. However, it was found that the equation 
could iterate to an inaccurate answer in some cases, in particular 
when 2.3.21] is only just satisfied. The problem arises because 
[2.3.24] has several solutions and the iteration method can tend 
to the wrong solution. When [2.3.21] is only just satisfied the 
difference between successive approximations are usually large. 
When [2.3.211 is satisfied, we wish to find the smallest 
non-zero solution of [2.3.24] . We state this by the following 
relation: 
x< n-y n(t) 
<_> 
Tn-1(t - x/U) 
Tn-1(t) 
11 nx > R 
n 
[2.3.25D 
To obtain E2.3.25J we have made a particular assumption about 
the behaviour of the tension in the contact region. To do this, 
we must generalise this exact relation. Because yn(t) is discontinuous, 
in practice we have to use a procedure which gives only an 
approximate result. 
We wish to find y(t + St) where St is a small time interval. 
We assume that we know Tn_1(t + St) and Tn(x, t), the tension at time t 
and at position x in the region of contact. If the element of material 
at x at time t is in the region of adhesion during the time interval 
(t, t+ St) then we have the following relation: 
Tn(x + VnSt, t + St) = Tn(x, t) . 
E2.3.26] 
In [2.3.25] the term n-1(t - x/U) comes from assuming adhesion 
from time t- x/U up to time t for the particular material element. 
So we can restate 2.3.25] more generally as 
x< nYn(t + St) r-> 
loge I 
Tn-lit) 
Tn(x, t + dt) 
loge 
Tn_1(t + 60 
unx 
> R 
n 
C2.3.27 
since we require the tension that would be at x at time t+ St 
if there was adhesion there. This more general equation only 
assumes adhesion over the time interval (t, t + dt) rather than 
(t - x/U, t). 
solution: 
Using [2.3.26] we get the form required for 
x< nYn(t + dt) <ý 
Tn(x - Vnöt, t) 
loge 
Tn-1(t + St) 
ux n > R 
n 
computer 
C2.3.28ý 
(The dash ' indicates an estimate of y (t + dt. ) rather than an 
exact relation as we assume dt fixed). 
Since yn(t) is a discontinuous function, ßn (t) is also. So 
we set up a similar formula for estimating ßn (t + öt) by working 
backwards from the end of the roller contact region. We get: 
x> nßn(t + öt) <--> 
Tn(x - Vndt, t) 
loge 
Tn(t + dt) 
> 11 n 
(a 
n- x/R n)2.3.29, 
Having determined Yn(t + St), ßn(t + St) it is a simple matter to 
determine TC'(x, t + dt). In the region of adhesion we use equation 
[2.3.26]. In the two slip regions we have the usual exponential 
forms. The signs will be determined by whether 
Tnc'(R 
nYn(t 
+ St), t + St) 
is greater than or less than Tn_1(t + St) for the front-slip region 
and similarly for the backslip region. 
In the limit as St ; 0, these relations [2.3.26) to [2.3.29] 
will tend to the actual values of Tn(x, t + St), y (t + St) and 
ßn(t + St). In practice, dt will be a fixed time increment. In 
some cases, this scheme will give exact answers and in most cases 
accurate estimates. However, when sudden changes in yn, ßn take 
place within the time interval, the estimated values y n'(t 
+ St), 
ßn(t + 5t) may be greatly in error. 
To show how this happens, and what effects it has on the 
estimate Tn'(x, t + St) we shall consider a sudden change in Yn in 
r the time interval (t, t+ St). L We assume Vn constant over this 
-I 
time interval 
_I. 
For sake of argument, let 
dTunVn 
dt >R Tn-1ýtý 
n 
dT (t+dt) uv 
and 0< n-ldt <Rn Tn-1(t + St) . 
n 
We assume continuity of dTn_1/dt then 
dTäýl u 
(t + v06 t) =R Tn_1(t + v06 t) 0< vo <1 
C2.3.301 
n 
Using [2.3.30] we have 
Yn(t + volt) _ lim 
_ Yn(t 
+ vat) 
V 0 
>0 [2.3.31a 
y+(t +v St) = lim Y(t + vdt) =0 
[2.3.31b] 
no v-º v+ n 
0 
At time t+ volt we know Tn(x, t + volt) to be, where 
x< Yn(t'+ vodt), from equation for front slip region 
TC(x, t + volt) = Tn_1(t + volt) exp(- i x/Rn) [2.3.32a1 
0 
For Yn(t + voet) < x, from application of C2.3.26J. 
Tn(x, t + voSt) = Tn(x - VnvoSt, t) 
C2.3.32bý 
For this example, we need not consider ßn. We assume a 
sufficient region of adhesion between the two slip regions so that 
they would not meet in this time interval. (The problem of the two 
slip regions meeting is considered later). 
We find Tn(x, t + St) by applying [2.3.26] for all x under 
consideration over the time interval (t + v0St, t + St) since we 
know Yn =0 over this interval. So 
oýXý n(1 - VO)St Tn(x, t + dt) = Tn_1(t + dt - x/Vn) 
Vn(1 - vo)St ;x Vn(1 - vo)St + nyn(t + voSt) 
[2 
. 3.33a1 
Tn(x, t +6 t) = Tn_1(t + vodt) exp(- un(x - Vn(1 - vo)dt)/Rn) 
Vn(1 - vo)dt + RnYn(t + vodt) , x< Rnßn(t + St) 
Tn(x, t + dt) = Tn(x - Vndt, t) 
When we use the incremental scheme, in particular 2.3.281, 
we find that the minimum value of x that we can use is x= Vnöt, 
since Tn is only defined for non-negative values of position. 
[2.3.33b] 
[2.3.33c3 
Putting x= VnSt into [2.3.28] we get 
V dt <R Y(t + dt) <_> log 
Tn-l(t) 11 
> 
unVn 
Or [2.3.34] 
nnneT n-1 
(t+dt) R 
n 
since Tn(O, t) Tn_1(t). 
If inequality [2.3.34] is satisfied yn(t + St) > 0. By 2.3.22] this 
implies y'(t + dt) >y (t). If this inequality is not satisfied, 
then nyn(t + St) < Vt t and so must be zero. Here we assume that n 
only one change in the number of distinct regions (from 3 to 2 in 
this case) can happen in each time interval. In general, more 
complicated changeovers may occur. However this will not affect 
the salient points which will be derived. 
The incremental scheme works out TC? (x, t + St) by putting vo =1 
if the inequality in [2.3.34] is satisfied and vo =0 otherwise. 
If the inequality is satisfied then yn(t + St) will be positive and 
greater than yn(t) whereas yn(t + St) = 0. So the estimate will be 
greatly in error. This results from the incremental scheme only being 
able to approximate the time at which the discontinuity in yn occurs. 
When we formulate the mathematical model, we find that the 
equations we use require an accurate knowledge of Tn rather than of 
yn, B. This will be shown in the next section. So if we can show 
that the estimate of Tn is sufficiently accurate even if the estimate 
öf yn or ßn is not, as in the case just described, then the incremental 
method will be satisfactory. We can get an estimate of the error in 
Tn' by using the fact that 
dTn_1 
- 
unv 
n 
_T dt R 
n 
over the time interval (t, t + &t). 
SG 
We have the Taylor series expansion 
Tn-l(t + vöt) = Tn-l(t) + vdt 
dT 
+ v2St2 
d2 Tn1 
(t + v1St) 
dt 2 
where 0<v1 
We have also 
dT (t) uv 
dt1 Rn 
Tn-1(t) +0 (E)Tn-1(t) 
n 
C2.3.35] 
[2.3.36ý 
where c is small. 
So substituting this into [2.3.35] we get 
vu V St T (t) {uvt/R 
T-1(t +vet) = T_1(t) +nR+0 
2) 
T_1(t) 
As o= (] 
K 
n 
[2.3.37] 
we know the error term in [2.3.36) is 
zero somewhere in the time interval (t, t + dt). We set 
c=p ViSt/ n for convenience. n 
We can now compare Tn(x, t + St) with the estimated values. We 
shall consider the case when the estimated value v' = 0. The accuracy 
of the alternative case will clearly follow if this is accurate. 
We compare the different regions from equations [2.3.33. 
1) 0x; Vn(1-va)St Tn(x, t + St) = Tn_1(t + St - x/Vn) 
Tn'(x, t + öt)= Tn-1(t + st - x/Vn) 
unVndt 
R 
In this region the estimate is exact. 
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2) Vn(1 -vo)dt x; Vldt 
Tn(x, t + St) = Tn_1(t + vodt) exp(- un(x - Vn(1 - v0)6t)/R n) 
Tn'(x, t + dt)= Tn_1(t + dt - x/Vn) 
Using C2.3.37J on Tn_l and MacClaurin's expansion on the exponential 
term we find 
Tn(x, t + St) = Tn(t)(1 + v0e + 0(e2))(1 - nx/R1 
+ (1 - v0)c + 0(e2)) 
C2.3.38D 
since the range of x for this region implies 
un(x - Vn(1 - vo) St) /R n 
<e 
SO 
and 
Tn(x, t + St) = Tn_1(t)(1 + e- Vnx/R n+ 
0(£2)) 
Tn'(x, t + St) = Tn-1(t)(1 +Rn (St -. x/Vn) + 0(E2)) 
n 
so [2.3.39], C2.3.403 agree to within an error of 0(c2). 
[2.3.39] 
C2.3.401 
3) Vn dt, x< RnYn(t) +VnSt 
Tn(x, t +6 t) = Tn_1(t + v08 t) exp(- un(x - Vn(1 - /R n) 
Tn'(x, t + dt)= Tn_1(t) exp(- 11 n(x - 
Vndt)/R 
n) 
Using exactly the same procedure as for 2) we again find agreement 
to O(c2). 
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4) nYn(t) + Vndt x< nyn(t + vodt) + n(1 - vo)St 
Tn(x, t + St) = Tn_1(t + vodt) exp(- un(x - Vn(1 - vo)dt)/Rn) 
Tn'(x, t + St)= Tn(x - Vnöt, t) 
We know from 3) that the agreement between the two values at the 
start of this region is of 0(c2). We also can see that the two 
values exactly agree at the end-point from considering the last 
region. 
5) nYn(t + voSt) + Vn(1 - vo)St <x< nßn(t + 60 
Tn(x, t + St) = Tn(x - Vn(1 - vo)dt, t + (1 - vo)St) 
Tn'(x, t + St)= Tn(x - Vnöt, t) 
Since in the time interval (t, t + v06t) yn progressed continuously 
every point in the region was the front-slip boundary for some 
time t+ v2dt, 0< v2 , vo. So for 
nY(t + vdt) - vo nöt xo RY(t) 
Tn(xo, t) = Tn_1(t + v2St) exp(- un(xo +V nv2St/ 
n)) E2.3.41j 
2.3.41] says that the element of material in the region of adhesion 
at time t (x >y (t)) had moved forward at time t+ v2St to 
position x0 + Vnv2St where it formed the front-slip boundary. Rewriting 
this as x= xo + Vndt we get 
RnYn(t + vodt) + Vn(1 - vo)dt >, x >' nYn(t) + Vndt 
35 
Tn(x - t, t) = Tn_1(t + v2dt) exp(- un(x - Vn(1 - v2)6 t)/Rn) 
E2.3.42] 
Using this, it is clearly seen that the error again is 0(e2). 
We have shown that even when yn is not continuous, this method 
c2 11 
Vndt 
gives Tn accurate to 0(e ) where c=R In the same way, 
n 
we can also show this to be true for discontinuities in 
n. 
Also, 
if we assume that we have Tn(x, t) exactly, then if yn, ßn change 
continuously over the time interval (t, t + St)-, then this method 
will determine Tn(x, t + St) exactly. So inaccuracies in Tn' will 
only occur due to discontinuities in ßn, Yn. Since these will occur 
only a finite number of times as each element of material passes 
over roller n, we can see that will will be accurate to O(e2) for 
all x, t. 
This method has also produced a limit on 6t. For accurate 
11 V 'ýj 
results we must have max nR n dt « 1. In practice, it is 
nn 
simplest for St to be the step length of integration of the numerical 
method used to solve the differential equations. The size of St 
is also restricted by the stability of the numerical method, which 
depends on the largest eigenvalue of the system of equations. 
This restriction on St is more or less independent of the machine 
speed. When the model was simulated at fairly low speeds, the 
numerical method stability was the primary restriction on St. For the 
first resonant frequency (the lowest machine speed at which tension 
oscillations "peaked")this led to a value for c =0.05 giving a 
proportional error in Tn' of about 0.25%. This was found to be 
satisfactory. However, at higher machine speeds, it was found 
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necessary to reduce St in inverse proportion to U to maintain a 
value for a of this order. So at high machine speeds, the time 
interval St was primarily restricted by the accuracy of the 
incremental method. 
The formation of the two slip regions on the roller arise in 
two essentially independent ways. The extent of the front-slip 
region is determined entirely by the way Tn_1 varies with time, 
whereas the back-slip region depends on the relation between Tn_l 
and Tn. For this reason, there are certain circumstances in which 
the two regions appear to meet. This can occur even if the 
difference between Tn_1 and Tn is not sufficient to cause complete 
loss of adhesion. In this situation we get: 
0: ýx, nYn Tn(x, t) = Tn_1(t) exp ± unx/ n 
nYn , x, Rnan Tn(x, t) = Tn(t) exp ± un(an -. x/ n) 
where the signs are either both + or both - and 0n= Yn. 
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Figure 2.5. 
y is determined by equation for Tc(x, t) at the boundary x=Ry. nnnn 
=: D. 
Tn-1(t) exp ± unyn = Tn(t) exp ± Un(an - yn) [2.3.43] 
Yn = 2n ±ý log (T (t)/T 
C2.3.44, 
where the sign is determined as for the front-slip region normally. 
i. e. by the opposite to the sign of dTn_1/dt. 
It is important, for reasons which become apparent when the 
equations are set up in Section 2.4, to show that dyn/dt is defined 
in this special case. Differentiating [2.3.441 we have 
dYn 
+11 
dTn 
-1 
dTn-1 
dt un Tn dt Tn-1 dt 
dT dT dy r dT 
Since dtn 
dtl are well defined, so is dtn .L In 
fact, 
din 
[2.3.45D 
dTn-1 
are not well defined when there is complete loss of adhesion dt 
over rollers n-1, n or n+l. This case is considered separately 
in Section 2.5. 
ý 
We have the situation in this case that at x= nyn, 
aTn/ax is undefined. However, the equations we used to determine 
the slip and adhesion regions were approximate, only being accurate 
if the speed of changes (compared to the speed of sound in the 
material) is small. In this case, the simplified equations clearly 
break down. 
If we look at the full equation of motion we have from 
Brandenburg [13] : 
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Bt+V 8x c2 
`x± ge, 
=0 . 
n 
If ax 
is undefined at any point, then 
dt is undefined also. 
This cannot occur as complete loss of adhesion has not occurred 
(As Tn exp(Unan) > Tn-1 > Tn exp(- unan))" 
So 8Tn/8x must in fact change continuously from - un /R n 
to 
+ 11 TO /R over a small but finite region of contact. By definition 
this region is a region of adhesion, so between the two slip regions 
we still must have a region of adhesion maintained. In practice, 
as this region is so small, we consider in this case that there 
is point adhesion between material and roller. 
To summarise the work in this section, we can say that as long 
as there is not complete loss of adhesion, the area of contact splits 
into 3 regions: 
I. Front-slip region (which will at*times disappear). 
II. Middle-adhesion region (which may reduce to a point). 
III. Back-slip region. 
We have shown that, for certain conditions, the boundaries of 
the regions are not continuous functions of time. In even these 
cases, the tension in the contact region Tn(x, t) is continuous as 
long as Tn_l, Tn are. We have developed an incremental method of 
estimating Tn(x, t + St) from Tn(x, t) which is often exact but is 
generally in error by an amount 0(c2) where c=p VnSt/ n 
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2.4 DERIVING THE EQUATIONS CONCERNING THE AMOUNT OF MATERIAL 
IN THE SYSTEM. 
The systems we are considering consist of a series of rollers, 
free, driven, or otherwise controlled, and the material that is 
threaded through them. The variables that we have to consider are 
the peripheral speeds of the rollers Vn and the tensions Tn of the 
material in the spans between the rollers. So far, we have used 
the equation of motion of the roller to derive a differential 
equation to determine Vn. Now we need to find a differential 
equation concerning Tn. We do this by considering the amount of 
material in the span between the rollers. The amount of material 
is the length the material would occupy if it was unstretched. 
First of all, we must consider the extent of the span, as we must 
include the material that is in contact with each roller. 
We shall define the boundary of the span to be on the roller 
in the region of adhesion. We would like to consider a boundary 
point which was fixed somewhere in the region of contact. However, 
we-cannot guarantee that any fixed point on the region of contact 
will be in the region of adhesion all the time. We require the 
boundary point to be in the region of adhesion for simplicity. 
In this region we know that the speed of passage of material past 
any fixed point is simply Vn, the roller peripheral speed. In 
addition, we require the movement of the boundary to be continuous. 
Such a point will certainly exist as long as Tn_l, Tn are 
differentiable. (When they are not differentiable, the differential 
equations we shall derive will be invalid anyway). For, if at some 
instant, we cannot find such a point, then at that instant there is 
a complete change in the region of adhesion instantaneously, which 
40 
could only be caused by slip of the material over the roller. 
This cannot happen if any region of adhesion exists. We shall 
call this point on the roller xn(t). 
Figure 2.6. 
Let en(t) be the strain (position-independent) on the web 
between rollers 
en(x, t) strain in the contact region on roller n 
en+1(x, t) strain in the contact region on roller n+l 
The amount of material in span n is: 
(xn+1 dx 
Lo(t)( 
nan dx 
+Ln+J n=J xn 1+ en(x, t) 1+ en(t) 0 1+ en+l(x, t) 
By using Hooke's Law T= ke we rewrite this as: 
C2.4.1, 
RnankkL 
(xn+l 
Ln(t) = 
fx 
Cdx +n+I 
kodx ý2.4.2ý 
nk 
+T 
n(x, 
t) k+ Tn(t) ok+ Tn+l(x, t) 
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dL° 
We can determine dtn 
in two ways. 
Firstly, Rate of change of material in span = Rate of entry 
of material into span - Rate of exit of material out of span. 
dL° 
Vn - dxn Vn+l - dxn+l 
n dt dt 
dt 1+ en(xn't) 1+ en+1(xn+1't) 
[2.4.3J can be rewritten using Hooke's Law again as: 
dL° 
n 
k(n -dxn 
ldt 
dt k+ Tn(xn, t) 
- 
kIVn+1 - dxn+1l 
l 
dt 
n+1) 
k+ Tn+1(xn+1, t) 
Secondly, we differentiate [2.4.21: 
dLn dxn 
kJ 
nan 
aTn(x, t) k dx 
dt dt U Tc r.. f-1 
- at ft- Tc r a. . ýný°n, ý, An (k +. Tn(X, t))2 
C2.4.3 
[2.4.4ý 
k 
dLn k Ln dTn 
+ 
dxn+l k 
+k+ Tn(t) dt (k + Tn(t))2 
dt dt k+ Tn+1(xn+1't) 
xn+l aTn+1(x't) k dx J 
at rv I. PC (Ir 0 (k + Tc,, (x, t))2 ntl - 
We can split the integrals in two: 
Rnan 8Tn(x, t) k dx ( nR 
ßn aTn c k dx 
2 at (Tcxt)+k) 2 
rx 
at (Tc+k) xn n(' nn 
[2.4.5] 
nan 8Tn c k dx f 
at Tc +2 
[2.4.6 
ýn (n k) 
at 
at 
aTc aTc 
In the region of adhesion we have by [2.3.6] n=-Vn at n ax 
SO 
fnßn aTn k dx Ifnßn 
aTn 
-1ý at (Tc s. L12 nJý 
ax 8tý 2-Vn 
Xn kln t K) 'Xn 
dln k dx Vk 
8x (Tc + k)2 n Tc +k 
nn -x n 
[2.4.7ý 
So 
Tn(x, t) = Tn(t) exp ± (x/R n- 
an) 
Rnan 2Tn ck dx 
dTn Rnank exp ±i 
n(x/ 
ý- an)dx f 
at c2 dt 
JR 
n 
ßn (T 
n exp 
± un (x/R n-an)+ 
k)2 RA(Tn+k) 
2.4.8 
dTn x=R 
ýn uexp±u 
(x/n 
JxRß ak du 
an dt 
_-n (T nu 
+ k) 
2 
R dT x 
nan 
_+nn1k 
ndt 
Tn Tnu+k 
x=nßn 
let Ta(t) = Tn(t) exp ± un(0 (t) - an) the tension at the adhesion 
back slip boundary on roller n. Then 
nan 2Tn k dx 
=+ n 
dTn k_ 
Tk 1R at c+ k) 2T dt 
(T 
+k ß+ký 
nßn 
(Tn nnnn 
We have + sign if Tn(t) < Tn(t) 
- sign if Tn(t) > Tn(t) 
In the region of back-slip we have [2.3.9J 
K ux k n15 n 
+k 
[2.4.9D 
RR 
So RHS is 
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R dT 
nn 
unTn dt 
k_k 
Tn+k Tß +k 
n 
So we have, combining 2.4.7] , 2.4.9, 
nan 8Tn(x, t) k dx Jxn 
at (Tc x t) + n(' 
Rk dT 
nn 
unTn dt 
1-1 
Tn+k Tß+k 
n 
In a similar way we find 
2.4.10] 
xn+1 8Tn+1(x't) k dx 
=- 
Vn+l k+ Vn+1 k Jo 
at (Tc x t) + k) 
2Tx 
t) +k Ty +k 
n+lý , n+li n+l' n+l 
n+l k dT 
n 
un+l Tn dt 
1_1 
Tn+1+k Tn+k 
[2.4.113 
where Tn+1 (t) = Tn(t) exp ± un+1 'n+1 is the tension at the front- 
slip adhesion boundary on roller n+l. 
Substituting [2.4.10] , 
[2.4.11] into [2.4.5] we get 
dL° 
klVn - dxnl k(Vn+l - dxn+1] 
kVkV 
nl dt 
JJ 
dt n+ n+l 
dt 
Tc (x t) +kT (x t) +k Tß +k Ty +k 
n n' n+l n+1' n n+l 
k 
dLn k Ln 
T +kdt 
n 
kR 
._ 
dT 
. un+1Tn dt 
n+t n 
dTn kR dT 
(T + k) 
2 dt unTn dt 
11 
Tn+1 +k Tn +k 
VkVk 
n+n 
Tn +k Tn(xn, t) +k 
IT 
n+kT1 +k 
n 
4.123 
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Then, subtracting 
we have: 
L 
n 
2 
n+ 
k) 
t 
11 nTn 
2.4.4J from 2.4.12] and rearranging terms 
1_1 
Tn+k Tß +k 
n 
Vn+l 
_ 
Vn 
+1 
dLn 
T+k Tn +k 
Tn +k dt 
n+1 
+ 
n+1 
un+1Tn 
dT 
n 
dt dt 
[2.4.13] 
We now use assumption 6) in 2.1 that Tn «k and IVn - UI/U « 1. 
Neglecting small quantities [2.4.13] becomes: 
eff 
dTn 
=r n+l nd dt JI 
Lnl 
Y 
n+l 
B) Ln dt kllV -V+- UýT - TB) 
where 
Leff ýL+ nlTß n- 
Tni + 
Rn+llTY 
n+l - TnI 
nn UnTn un+1Tn 
11 
Tn +k Tn+1 +k 
[2 
. 4.14] 
There are two important points that arise from the derivation 
of equation E2.4.144. 
1) The independence of the final equations of the values 
of xn, xn+1. 
Although equation 2.4.14] is expressed in terms of the tensions 
at the adhesion-slip boundaries, these values are not as fundamental 
to the equations as they outwardly appear. Since we have derived 
the equations by considering the end-points of the span to be 
arbitrary points in the regions of adhesion, (apart from requiring 
LR 
nn 
dxn/dt, dxn+1/dt defined) it is shown that the tension Tn(x, t) in the 
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whole contact area is fundamentally more important. We have 
already shown in Section 2.3 that for certain restrictions on 
the time increment St, we can estimate Tn(x, t + St) from 
Tn(x, t), Tn(t + St), Tn_1(t + 6t) to a sufficient level of accuracy 
whereas this cannot be done in general for yn(t + St), ßn(t + St) 
and hence for Tn(t + St), Tn(t + St)]. The way we have derived 
[2.4.14] now shows that we can solve the equation using a numerical 
method with a step length h, St, even though Tn, Tn may be 
discontinuous functions. 
2) The significance of the term dLn/dt. 
It can usually be assumed that Ln is constant. However, we 
have already found in Section 2.2 that if roller n is a spring- 
loaded roller then Ln_l, Ln vary with the vertical movement of 
the roller. A variation in Ln_l, Ln can also be caused by an 
out-of-centre mounting of roller n. Although the eccentricity 
may be small, and hence the change in Ln_1, Ln will also be small, 
at high speeds the rates of change dLn_1/dt, dLn/dt will be 
significant and comparable to (V 
n+1 - 
Vn). This. is a common cause 
of tension perturbations. 
'The derivation of the expressions for dLn_1/dt, dLn/dt is 
lengthy but straightforward and is given in Appendix 1. To first 
order in the eccentricity an we get: 
dLn_1 anVn cos(8 + an + ýn-1ý 
= dt n cosýn-1 
dL aV cos(8 +ý- aE) nnnnn -= 
dt n cosýn 
* [2.4.15D 
2.4.16D 
4 
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Vn 
where 
dt 
=R and 
n-1' 
fin' an, an are contants dependent on 
n 
the configuration of the rollers. 
In most machines, the driven rollers will have been machined 
to minimise the eccentricity present, as well as being dynamically 
balanced. The tension disturbances more usually result from 
imperfections in the roll supplying material at the start of the 
system, or in some cases from a roll taking up the material at the 
end of the system. The rolls may be imperfect in other ways, such 
as showing ellipticity or "flats", where the cylindrical perimeter 
is locally distorted by flattening. The effect of an elliptical 
roll (for small ellipticity) is similar to eccentricity except 
that the effective radius of the roll oscillates twice per revolution. 
3) Although equation [2.4.14] is non-linear we can see that 
it is homogeneous i. e. all the terms have the same index, in this 
case one; the index of a term is the sum of the powers' to which 
each constituent variable in the term is raised D. Thus, if a 
particular disturbance gives rise to a set of tensions {Tn(t)), then 
if we double the disturbance and the mean tension, the perturbations 
in tension will also be doubled. [For this to be accurate 
we also require E. 2. fj to be homogeneous. This will be so if we 
neglect the static friction component. In practice this term is 
generally small compared to the values of tension we are interested 
inJ. This property is not the same as linearity. In particular, 
we can say that if {Tn(t)}, {T2(t)} are sets of tensions arising 
from two different disturbances, then the set {Tn(t)} arising from 
both disturbances acting simultaneously will not in general be 
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the same as {T1(t) + T2(t)}. 
If at all times, there is some region of adhesion on all the 
rollers, we now have enough information to solve the equations of 
the mathematical model. For each roller in the system, we have 
from 2.2 a differential equation for its peripheral speed. In 
addition, if the roller is spring-loaded we have a second differential 
equation for its vertical displacement. For each span in the system, 
we have from 2.4 a differential equation for the tension. This 
system of differential equations is coupled and the tension equations 
further complicated by the conditions of slip and adhesion as detailed 
in 2.3. We have the same number of differential equations as unknowns, 
so these quantities can be evaluated. 
In certain circumstances, however, we find that the material 
can lose adhesion and slip over certain rollers. This will occur 
particularly when the tensions are low. This effect will depend on 
the coefficient of friction un and the angles of wrap än of the 
rollers, and will tend to smooth out the extremes of tension 
perturbations. This situation is considered in detail in the next 
section, as well as a method of incorporating these effects in the 
mathematical model. 
2.5 MODIFICATIONS OF MODEL DUE TO LOSS OF ADHESION. 
2.5.1 Modifications Due to Slip at one Isolated Roller. 
In this section we assume that the material is at times slipping 
over roller n, but that areas of adhesion always exist on rollers 
n-1, n+l. 
Let 
Xn = exp( ± unan) = Tn/Tn-1 
when slipping occurs. 
Let 
sLn_1 
be the amount of material in span from xn_1 on 
roller n-1 to xn+l on roller n+l. 
By considering how sLn-1 varies 
in an analoguous way to that 
developed in Section 2.4 we can easily derive the following equation 
for Tn-1 when slipping takes place: 
where 
dT dL dL 
Leff n-1 = k(V -v+ 
n-1 + nl - U(TY - Tß ) 
C2.5. 
s n-1 dt n+l n-1 dt dtJ n n-1 
R 
Leff =L+ 
n-1 ITn-1 - Tn-1I_ n-1+ L+ 
Rn+l ITYn_X 
nTn_11 
s n-1 n-1 un-1 Tn-1 un 
I Xn Iýn 11 
n+l XnTn-1 
Clearly if we are solving these equations, we assume a region 
of adhesion exists on each roller, until we get the situation where 
Tn < Tn-1 exp(- unan) or Tn > Tn-1 exp(unan) 
However, if we then try to use equation [2.5.1] instead, we 
run into several problems, due mainly to the break in continuity of 
dTn_1/dt which the adhesion-slip interchange entails. For this 
-reason, rather than apply 
E2.5. ll we must find a method that uses 
no more than the continuity of Tn_1, Tn. The way we do this is to 
assume that the adhesion is maintained, and then modify the values 
thus obtained. We must also note that, since Tn_l, Tn are continuous 
the estimated values Tad1, Tan 
d 
will satisfy Tad/Tedl = y(1 + d) where 
6 is small (depending on the numerical method used to solve the 
differential equations). 
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We use the fact that the total extension of material in spans 
n-1 and n must be taken up when roller n slips so that the strains 
are in the appropriate ratio. 
We can assume that the change in ß n-1, Y n+1 
is a second order 
effect. Although this may not be true, the change in extension in 
the affected region will only be a second order effect (for the same 
reasons that were explained in Section 2.3). 
Let the strain in the nth span, assuming slip, be en 
Let the strain in the nth span, assuming adhesion, be end. 
So total strain assuming slip is: 
n-lan-1 
(Rnan ý 
en-1 eXp(± x/R n-1)dx 
+ Ln-len-1 +I en-1 exp(t x/R n)dx n-lßn-1 ° 
n+1ýn+1 
+ en-1 XnLn + 
Jo 
Xn en-1 exp(± un+lx/ n+l)dx . 
[2.5.2] 
Alternatively total strain assuming adhesion is: 
n-1an-1 
ad 
1A a 
en-1 
Rn-lßn-1 
exp(± un-lx/Rn-1)dx + Ln-lenýl + 
X 
Jo 
endl exp(± unx/Rn)dx 
R(nan 
ad ad (n+lYn+l ad +I en exp(± un(x/Rn - an))dx + Lnen +J en exp(± Un+lx/ n+l 
xo n 
C2.5.3, 
By evaluating [2.5.2], [2.5.3J we find 
2.5.23 equals es_ (Leff + Lnffý n1 n-1 
Xn 
E2.5.3] equals ead Leff + ead Leff n-1 n-1 nn 
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So by putting Tn_1 = ken-1 etc. we get, by equating [2.5.2,, [2.5.3] 
Leff Tad + Leff Tad 
Ts = 
n-1 n-1 nn 
n-1 Leff + Leff 
n-1 
Xn 
n 
e TS TS n-Xnn-1 
We find that this generalizes for a sequence of slipping 
rollers. If we have rollers jo to jl inclusive slipping we find: 
J1 
__1 _LL 
C Taa Le== 
TS - 
j=jo-1 JJ 
0-1 1 eff Xj Lj 
j=jo-1 
; Tý = Xj Tjo-1 j= jo,..., jl 
[2.5.4 
where Xj 
0-1 
=1 and Xj = Xj-1 exp(± ujaj)' 
This result is very easy to use, as it automatically gives 
Tn_1, Tn in the correct ratio (which integration of [2.5.1] does 
not unless the moment of slip is known exactly) and the result is 
independent of the moment at which slip started. The main problem 
is that of necessity it is a zeroth order method and using it in 
conjunction with higher order methods to solve the differential 
equations will lead to errors being introduced. This is'considered 
in detail when solving the equations numerically. 
2.5.2 Extension of Method to Groups of Slipping Rollers. 
The equation [2.5.4J is an averaging method, and 
as shown can cover a group of slipping rollers. The primary 
difficulty is finding a way of determining which rollers are slipping 
and in what sense. We formalise this by defining an indicator set 
51 
{indn}. If adhesion on roller n is maintained, we set indn = 0. 
If there is loss of adhesion, then we set indn =+1 if Tn > Tn-1' 
and indn =-1 if Tn < Tn1' From the set of values {Tad} we can 
determine an apparent indicator set {indad}. at we need to know 
is a relation between this and the actual indicator set, as they 
need not be the same. 
If the elements of the set find ad} are all zero, then we have n 
adhesion still maintained at all the rollers and so there is no 
slip. So we assume for this section that some of the elements are 
not zero. {indad} is a sequence as well as a set, due to the 
ordered nature of the rollers, and the subsets of non-zero elements 
are clumped in groups with zero elements in between. We would expect 
{indn} to split in the same way, so that we can study each sub-group 
in isolation. For, if say indad =1 and indad = 0, we can assume 
Tad is only just enough to cause slip over roller n (due to the 
small integration step length). When Tad is modified to Tn, the 
ratio Taal/Tn will not be very different from Taal/Tad, so we would 
not expect indnal to be affected. 
There are two main types of sub-groups that we must consider: 
homogeneous and heterogeneous. 
1) Homogeneous, where the non-zero indices are all +1 or all 
-1. This can be solved straightaway. Consider a typical such index 
sub-group 
n2345 
indad 0110 
n 
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So 
exp(- u2a2) <T 
ad 
2 
/T a1d < exp(u2a2) 
exp(u3a3) < T3d/Tad 
exp(u4a4) < T4dýT3d 
exp(- u5a5) < 
ad < expiu5a5) 
Now, if we assume that the index sub-group given is the correct one, 
by applying [2.5.4] to this case we get: 
TS - 
Tad Leff + Tad Leff + Tad Leff 4 
2 
Leff + exp(p3a3)L3ff + exp(u3a3 + u4a4)Leff 
T3 = exp(u3a3)TZ ; Tý = exp(u4a4)T3 
By inspection we can see that: 
Ts > Tad 22 
Ts < Tad 44 
For a more general group we would 
Ts > Tad 
start start 
Ts ad 
end 
Tend 
still get: 
C2.5.5D 
If the indices are all negative we would clearly get the reverse 
inequalities. Now we have: 
Tad/Ts > Tad/Tad 5454 
Ts /Tads Tad ad 212 
/T1 
so if the apparent index group is 
group will be an extended homogeneous 
not sufficient then the actual 
group (i. e. ind1 =+1 or 
ind4 =+ 1). Moreover we can see that the apparent group is the 
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minimum possible, for if we assume say an actual indicator group 
n2345 
ind 0100 
n 
then T3 < Tad and so Tod /T3 > exp(p4a4). This would imply slip 
over roller 4. 
So for a homogeneous group we use the apparent indicator group 
but must check that the rollers either side of the group are not 
in fact slipping in the same sense. 
2) Heterogeneous, where we have a mixture of + 1, - 1. In 
this case, we find that the apparent indicator group in general 
cannot be used as a first estimate. We consider the simplest 
example of this type of group. The apparent indicator group we 
take to be 
n2345 
indad 01 -1 0 n 
i. e. exp(- u2a2) <T 
ad 
2 
/T ad 
1< exp(u2a2) 
expiu3a3) < T3d/T3d 
exp(_ 114%) > T4dýT3d 
exp(- usa5) < ad < exp(u5a5) 
However, the actual group {indn} could be any one of the three 
groups: 
n2345 
(i) indn 0100 
(ii) indn 00 -1 0 
(iii) indn 01 -1 0 
Clearly (i) and (ii) are mutually exclusive. We shall consider 
case (iii) only if both (i) and (ii) fail to be satisfied. 
(i) If case (i) is satisfied, then the values of tension we derive 
are 
where 
ad ss ad ad T1 , T2, T3, T4 , T5 
Tad Leff + Tad Leff 
Ts =2233 Ts = exp(u a )Ts [2.5.6, 2 
Leff + exp(p a) Leff 
3332 
2333 
and in particular must satisfy 
exp(- 114%) < T4d/T3 2.5.7D 
C the requirement that T2/Tad < exp(u2a2) can be considered afterwards 
if [2.5.7] is satisfied as shown in the case for a homogeneous 
group D. 
Substituting the expression given in 2.5.6] for Ts into [2.5.7, 
leads to the following inequality: 
Leff(exp( ua Tad - expiU a )Tad) + Leff exp(u a)(Tad_ exp(u a )Tad) <0 2 3ý 24443333444 
C2.5.8j 
, 
The second term in this expression is by definition positive 
so case (i) can be satisfied only if: 
exp(u3a3)T2d - exp(u4a4)T4d <0 
(ii) The tensions in this case would be 
ad ad ss ad Tl T2 T3, T4, T5 
where ad eff ad eff 
Ts 
T3 L3 + T4 L4 
3 
Leff + exp(-u4a4)L4ff 
[2.5.9D 
T4 = exp(-u4a4)T3 [2 . 5.10] 
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The inequality which has to be satisfied now is 
T3/T2d < expiU3a3) 
Using 2.5.10] this inequality becomes: 
[2.5.11] 
Leff (exP(u a )Tad - Tad) + Leff (ex (u a-ua )Tad - Tad) >0 333234P334424 
Since the first expression is negative, case (ii) can be 
satisfied only if 
[2.5.12ý 
exp(u3a3)T2a - exp(u4a4)T4d >0 [2.5.13 
Comparing [2.5.9], [2.5.13] we can see that cases (i) and (ii) 
are mutually exclusive, as we would expect. The sign of the expression 
gives an indication of which case is satisfied. 
For a small proportion of the time, when the absolute value of 
the expression is small, we can have the position where only case (iii) 
is satisfactory, since neither of the inequalities [2.5.8], [2.5.12] 
are satisfied. In general, however, we expect one of cases (i) and 
(ii) to be satisfied. For a general heterogeneous group, this means 
that the actual group is usually a series of homogeneous groups. 
If we consider a more complicated set such as 0 +1 +1 +1 -1 -1 0 
we find that a similar set of inequalities result. With the same 
proviso about case (iii) as given above, the problem reduces to 
determining the sign of an expression consisting of a series of 
terms of the type in inequalities 2.5.8], [2.5.121. The simple 
expression in L2.5.9], [2.5.13 applied to the two tensions either 
side of the changeover usually gives the right case. However, in 
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general we can only use this as a first approximation and make 
corrections if the tensions so derived do not satisfy the necessary 
conditions. This aspect is considered in more detail when we 
use the results derived here to solve the equations of the model 
numerically. 
CHAPTER 3 
SOLUTION OF MATHEMATICAL MODEL 
FOR LINEAR ELASTIC MATERIAL 
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3.1 INTRODUCTION. 
In the last chapter, using the assumptions outlined in the 
model, a set of ordinary differential equations were derived, 
relating together the tension of the material and the peripheral 
speeds of the rollers. The equations are non-linear, so they 
must be solved by some numerical method. In addition, at each 
step the tension in the area of contact between rollers and material 
has to be calculated. 
Before considering what numerical method to use, it is useful 
to consider an important special case, which leads to the equations 
being reduced to a set of linear difference-differential equations. 
This result arises when the tension changes are very much smaller 
than the time-averaged tension in the material. These equations 
can be solved exactly using Laplace Transforms. In particular, if 
the tension disturbances being considered are oscillatory, the 
amplitudes of the steady state oscillations in tension can be 
found by solving a set of simultaneous linear equations. 
This special case can be used to test candidate numerical 
methods. A prerequisite of any useful numerical method will be 
to solve this simplified system of differential equations to a 
sufficient degree of accuracy with a reasonable step size of 
integration. From there, it is possible to consider the additional 
requirements of the general system of equations. 
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3.2 SOLUTION OF EQUATIONS WITH SMALL TENSION DISTURBANCES. 
In this section, we consider the special case when the tension 
disturbances are small compared to the average tension in the 
material. In particular, we assume that at all times, 
dT 
n 
dt << min 
I%+i 
Rn+l , -n) Tn 
max l n+1 nJ 
As IdTn/dtI < Un+lVn+1Tn/R n+l 
at all times, the front-slip region 
on the rollers does not appear (from [2.3.10j). 
Since also IdT 
n 
/dtl <unVn /R 
n 
we know that the relation 
[2.3.200 for the position ßn (t) of the adhesion-backslip boundary 
is given by 
Tn = Tn-1(t - nßn(t)/U) = Tn(t) exp(± un(ßn(t) - an)) 
[3.2.1l 
[3.2.21 
If we assume that the frictional forces at the roller mountings 
are small compared to the tensions, we use the first approximation 
that Tn_l = Tn = constant in [3.2.2J. We get the result 
Bn(t) = an 
With this approximation, equation [2.4.14] is reduced to the 
following linear ordinary differential equation in Tn: 
[3.2.3 
Ln dT (t) (( dL (t)l ll n =kIV (t)-V(t)+ n J-UT(t)-T (t-Ra/U)J dt n+l n dt 
( 
it n-1 nn 
C3.2.4 
We recall- the roller equation of motion [2.2.1J 
dVn 
nR2 .mT. 
RnFn GnV 
n. 
Mnga 
n 
Rn 
=- -7- k1_ - 1__1 i EL lJ II II- ý. 
where 
-- "- -. 64 + -" -" "" cinA '-n JJn 
nnn 
dA Vn 
dt=R " 
n 
E3.2.53 
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In practical machines for normal running speeds the viscous 
friction component is small and we will neglect it in the following 
work. The particular relation required is n« UJn/Ln 
We make the further assumption Vn = U; then we have 
Ut+4 
Ro 
n 
where CQ is an arbitrary phase angle. Similarly we can represent 
dL 
n 
dt as a series of oscillatory terms. 
We now have a system of linear differential equations, which 
can be solved analytically using standard techniques. In particular, 
we are interested in the cyclic variations in tension caused by 
imperfections in the machinery. 
First of all, we assume that the system does not include a 
component such as a roll of material. Then the model consists of 
a system of differential equations with constant coefficients. We 
can represent the tensions and peripheral speeds in the form 
Tn=Tn+IAn (w)sin wt +Bn (w) cos wt 
w=w. i 
Vn=Vn+ECn (w)sin wt +Dn (w) cos wt 
[3.2.6] 
w-wi 
where An, Bn, Cn, Dn are the amplitudes of the oscillations caused 
by the disturbances of frequencies {m i}. 
Similarly we define 
dtn =L 
Ln(w) 
cos wt - 
Ln(w) 
sin wt 
[3.2.7] 
w=w. 1 
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From practical considerations for an assembly of rigidly fixed 
dL 
rollers, we have dtn = 0, where Ln 
is the mean span length. 
We can substitute [3.2.6] [3.2.7] into [3.2.4] [3.2.5] and 
equate coefficients of sin wt, cos wt for each disturbing frequency. 
We get a set of simultaneous equations: - 
1eJ 
From the coefficient of cos wt in [3.2.4 we have 
I. wA (w) = k(D (w) -D (w) + 
Lc (w) )-U (B (w) -B (w) cos (R a w/U) 
nn n+l nnn n-1 nn 
+ An_1(w)sin( nanw/U)) 
coefficient of sin wt: 
[3.2.8 
-LnwBn(w) ° k(Cn+1(w) - Cn(w) - Ln(w)) - U( n(w) - 
An-1(w)cos(Rnanw/U) 
- Bn-1(w)sin(RnanW/U)) 
From the coefficient of cos wt in [3.2.5J we get 
R2 
wCn(w) = Jn 
(Bn(w) - Bn-1(w)) 
n 
coefficient of sin wt: 
R2 
- wDn(ý) = Jn (A (w) - n_l(W)) n 
If w= U/ n, then we must add terms to E3.2.10J [3.2.111 for any 
dynamic out-of-balance. 
To right-hand side of C3.2.103 add 
ngan n 
sin 
J 
n 
[3 
. 2.9ý 
C3.2.103 
[3.2.11 
Rann 
cos Co [3.2.11] add ng 
n 
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We substitute expressions for Cn, Dn, Cn+l, Dn+l from 
E3.2.10] 3.2.11] into [3.2.8] and [3.2.9] and get: 
R2 R2 kR2 kR2 
A (w) Lw -kn+ 
n+1 +A (w) n+1+A (w) n+ 
nnw Jn Jn+l n+l 7j +1 n-1 wJ nn 
+ UBn(w) - Ucos(R nanw/U)Bn-1(w) = 
kLn(w) 
Us in( nanw/U) 
[3 
. 2.12] 
R2 R2 kR2 kR2 
- B(w) 
[LW k n+ n+1 -B (w) n+1 -B (w) 
n+ Usin(R a w/U) 
nnw Jn Jn+l n+l wJn+l n-1 wJn nn 
+U n(w) - Ucos(Rnanw/U)An_1(w) kLn(w) 
C3.2.130 
Again for w= U/R n 
we have additional terms on the right-hand side 
to E3.2.123 add 
k nganRnCos 
0 
[3.2.13] add 
wJ n 
kn 
ngan 
ns in ýo 
wJ n 
if w= U/ n+l we instead must add terms involving dynamic out-of- 
balance on roller n+l; and so on. 
Applying [3.2.12], [3.2.13 at each roller yields a system of 
2N linear equations in 2N unknowns, where N is the number of spans. 
These are solved for n, Bn. We hence obtain Tn. 
Now we wish to use a similar method of solving the equations 
when we include a material roll in the system. For example, let 
us consider an offwind roll so we have roller 1 with varying radius, 
moment of inertia and mass Rl, J1, Ml. In this case, the differential 
equations do not have constant coefficients. However the values 
of these coefficients are changing very slowly compared to the 
rotational speeds of the rollers. 
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The method we use to solve these equations is the method 
of multiple scales [19]. We have essentially two different 
tim. escales operating independently. Although all the variables 
are dependent only on one variable, t, we consider them dependent 
on the two independent variables ts, tF. is is the "slow time" 
and is the timescale over which the physical parameters of the 
material roll change appreciably. Here we define 
tt 
sR C 
where d is the thickness of the material, and Rc the radius of 
the core on which the material is wound. tF is the "fast time" 
and is the timescale over which the system rollers complete a 
revolution. However it is more convenient to use instead of tF 
a generalised angle of disturbance edict' This can be defined 
for example as the angle, as a function of time, between a radius 
fixed in the particular roller disturbing the system and the 
vertical. Since the system of equations is linear, we can clearly 
consider the effect of the disturbance caused by each roller in 
isolation. 
So we have 
dts 
=d and 
dedist 
=w=U dt Rc dt dist Rdist 
where Rdist is the radius of the disturbing roller. We use edict 
because Rdist could be a function of is (as the material roll could 
be the disturbing "roller". ) Using these two relations we obtain 
the differential relation 
dt Rc 8ts + Wdist 29dist 
C3.2.14] 
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We use [3.2.14] to substitute for d/dt in the system of 
differential equations [2.2.3] [3.2.4] [3.2.5]. The resultant 
equations separate into two distinct sets of equations, one in 
each dependent variable (to first order in d/(RcWdist) « 1. We 
are interested in the steady state oscillation. From the linear 
form of the equations in the fast variable, it is clear that the 
solution will be oscillatory in 0 dist' 
So we write the steady 
state solution in the form 
Tn = Tn(ts) + n(ts)sin 0 dist + Bn(ts)cos 0 dist 
Vn = Vn(ts) + Cn(ts)sin 0 dist + Dn(ts)cos 6dist 
We substitute [3.2.15] into C2.2.3J [3.2.44 [3.2.51. For 
example, [2.2.3J is 
dV1 Ri M1ga1R1sin e1 F1Ri G1V1 d J1, 
dt J1 
(T1-Toý +J J1 J1 dt (R 11 
where 
Now 
J1 = Jý +2 nQ b(Ri Rý 
dV1 aV1 d aVl 
We replace dt 
by wdist a8dist+ Rc ats 
J R4 J dR d11 
R6 b 3R2 +cc1 dt Rl 1 R2 R2 dt 11 
dR1 Vld 
and dt 2rR " Clearly Rl changes on the slow time scale 1 
so we replace this by 
8R1 RýV1 
Sts 2irR1 
E3.2.15] 
[3.2.16D 
[3.2.17D 
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Now, if, for example Odist 01 we get from [3.2.16) 
dV dC dD 
dR rd 
tl 
+ dtl sin Al + dtl cos Al + w1 
(C1 cos Al - D1 sin A1) 
csss CL SSS 
R M1galRlsin 0l F1R1 
=J1 111 -1- £ sin nl -t- b1 cos dl - -I ) -I- J11 
11ýl 
J1 + J1 dt lR1 11s1 
G1 R1 d (J1 
1) J1 
(Vl + C1 sin Al + D1 cos 61) -11 dts Rll 
(Vi + C1 sin 01+ D1 cos 0 
[3.2.18 
we can separate this equation into 3 ordinary differential equations 
in is by considering the terms in sin 61, cos Al and terms independent 
of 01. This gives: 
d dV1 R1 F1R1 
R1 
(T1-To) -11 
d dCl 
_ __ 
A1R12M1&a1R1 
- 
G1 R1 dJ 
Rý dts w1D1 J1 +J J+ J1 dt 
G1 
11s 
11 
[3.2.193 
E3.2.20] 
dD B R21 G RI dj d 1+ 
wC_1_ 
1+ 1D [3.2.21 
Rc dts 11 J1 J1 J1 dtS `R1 1 
Similar a uations can be derived from 3.2.4] and [3.2.5]. 
dC1 W1Rc 
In most cases dt << d Cl etc. and we can neglect all the 
dC1 dDl 
terms like -j-t, The equations then reduce to time dependent 
ss 
1 ,., 1 "1 '"1 .. -.. "1 
versions of simultaneous linear equations given in 3.2.8] - 
£3.2.11]. 
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These can then be solved in the same way as before to determine 
A(t), B(t), C(ts) and D(ts). 
If we attempt to use numerical methods to integrate the 
system of equations given by [3.2.4fl 3.2.51 direct, we find we 
can only cover at most a few seconds of running time. Over this 
time span, we can assume that RI is constant. When using these 
equations to consider numerical methods, we make this assumption, 
to keep the basic equations as simple as possible. 
3.3 DERIVATION OF NUMERICAL METHOD. 
3.3.1 Method to Solve Simplified Equations. 
We shall choose a numerical method which will solve the 
equations to a sufficient degree of accuracy using the largest 
possible step length. The first problem that arises both in the 
general system of equations and in the simplified system is that 
of the high frequency resonance features. In the special case 
evaluated in the last section, the eigenvalues of the system of 
equations can be calculated directly. The eigenvalues form N 
complex pairs, - Kn t iwn where 
Kn =U fn(L1,..., LN) 
RR 
ton = ýlc gn (R1, J1, L1,..., RN, JN, LN) [3.3.1D 
For typical machine parameters we find that 
Kn 
is in the 
approximate range 1 to 10s-1 while can can be as much as 1000s-1. 
So, whereas transient disturbances will tend to die away in a 
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time of the order of 1/min {Kn}, the step length of integration 
. will 
be determined by 1/max {wn}. In practice, to ensure stability, 
for most numerical methods, this leads to a restriction of the step 
length to about 0.001s. " We aim to use a numerical method for which 
this is the restricting limit on the, step length. 
For testing numerical methods, we use a system of equations 
which model a hypothetical machine with a small number of components. 
This was done to facilitate analysis of results by reducing the 
equations to a manageable number. First of all, we attempt to 
find a method which will integrate the linearised model accurately 
and efficiently. 
To investigate what other problems might be encountered, this 
test system was integrated using a standard numerical method. The 
method used was one of the popular fourth order Runge-Kutta methods. 
At first, step lengths of the order of 0.001s were used. It was 
found that, although the solution derived had a sinusoidal form 
of the right period, the amplitudes of the oscillation were not 
correct. It was found necessary to reduce the step length by a 
further factor of a hundred to get a sufficiently accurate solution. 
This is due to the size of the local truncation error which 
will be proportional to w5, where w is the'largest value of the 
imaginary part of the eigenvalues. Similar problems arise when 
using certain methods to solve stiff systems. These are systems 
of differential equations with eigenvalues whose real part differs 
greatly in size. The problem arises when trying to fit a 
polynomial to a rapid decay curve. The step length required is 
so small as to make the method impractical. In the system we 
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are investigating, the action of the large imaginary part of the 
eigenvalue is analogous to that due to the large real part in 
stiff systems. 
The step length which needs to be used with these numerical 
methods is unable to provide a sufficient time span of solution 
to allow the transient disturbances in the system of equations to 
die away. In general, we are interested in finding the amplitude 
of oscillation of tension in various parts of the machine due to 
an input of an oscillation at a particular frequency, which is 
known. It is clear that the steady state solution of the equations 
will be an oscillation (not necessarily sinusoidal) with the same 
frequency. This is due to the autonomy of the homogeneous system. 
A set of numerical methods which use the knowledge that the 
solution is oscillatory of a known frequency have been developed 
by Gautschi 201. These are linear multistep methods with the 
parameters of the methods functions of wh, "where w 
is the angular 
frequency of the oscillation, and h the step length of integration. 
Linear multistep methods are derived by considering methods which 
solve equations which have the solution y- t3, exactly for 
j=0,..., p where p is the algebraic order of the method. For 
Gautschi's family of methods we wish the methods to solve exactly 
also for y= sin jwt, y= cos jwt, j=0,..., r where r is defined 
to be the trigonometric order of the method. Gautschi found that 
there was one such method for each number of steps included in the 
multistep. If the number of steps was even the method was explicit 
and otherwise implicit. 
We chose to use the four-step method which is explicit with 
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an algebraic order of four and a trigonometric order of two. 
The method is given below. 
yn+4 yn+3 h(S4fn+3 + S3fn+2 + S2fn+1 + Slfn) 
where 
Yn*. j 
= Y(Xn + jh), fn+j = 
dx (xn + Jh) 
and S1 = -9(1 + u2/4 + llu4/120 + ..... )/24 
S2 = 37(1 - 421u2/444 + 1921u4/13320 + .... )/24 
S3 = -59(1 - 923u2/708 + 15647u4/21240 + .... )/24 
S4 = 55(1 - 95u2/132 + 79u4/792 + .... )/24 
where u= wh 3.3.2] 
One disadvantage of using this method is the reliance on the 
angular frequency w. This means that we can only consider the 
effect of perturbations due to different machine components in 
isolation. For the general situation, the differential equations 
are non-linear, and so the solutions are not additive, in contrast 
to the case for linear equations. We can consider that the numerical 
method, rather than having trigonometric order of two with respect 
to frequency w, has single order with respect to frequencies w and 
2w. This is a special case of a more general method dependent on 
two frequencies w1 and w2. This second method could be used to 
discover how two oscillations at different frequencies affect each 
other. However we are mainly interested in situations where one of 
the oscillations becomes very large. In these circumstances, a 
second oscillation will at most have a secondary influence. So, 
for most requirements, the standard four-step method should be 
perfectly adequate. 
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The method was tested for the simplified system of equations. 
For step lengths within the region required for absolute stability, 
the method was found to give solutions which agree with the 
analytical answers to better than 1 in 103. The solutions were 
also checked by halving the step-length. The difference between 
the solutions was less than 1 in 10. For typical system parameters, 
4 
this gave a maximum step-length of about 0.001 s. For a given 
computing time, the time interval over which we can integrate the 
equations depends on their number and hence on the number of 
components in the machine. For the types of machines we are 
considering, with about ten components, a sufficient interval of 
integration was obtained for the transient oscillations to die 
away. For machines with a lot more components, such as a multi- 
colour press, the computing time available to solve the model 
equations may become important. As well as the increase in the 
number of equations, we would also tend to have to use a smaller 
integration step-length. The main restriction on the step-length 
has so far been determined by the region of absolute stability of 
Cautschi's Method. For the method to be stable, the points hX 
where X are the eigenvalues (which may change with time) of the 
system of equations, must all lie in a specified region in the 
complex plane. This determines a restriction on the step-length h. 
For this system the determining factor is the modulus of the largest 
eigenvalue. In general, this will increase as the number of equations 
increases. 
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3.3.2 Derivation of Computational Method for General Equations. 
For each interval over which we integrate the differential 
equations, we have to determine two additional factors: - 
(i) What is the tension in the region of contact between 
material and each machine component? 
(ii) What effect does instantaneous slip at any of the components 
have on the solution? 
The theoretical problems have been considered in detail and 
solved in Chapter 2. Here it is only necessary to derive the 
appropriate algorithms. The integral step nature of Gautschi's 
method (as opposed to the variable fractional step nature of the 
Runge-Kutta methods) is particularly suitable. We can assume that, 
at time t, we have values for Tn, Vn for times up to t, as well as 
values for the tension in the regions of contact. To find a 
complete solution of the equations at time t+ h, we follow a four 
part procedure. 
1) Use Gautschi's method assuming no slipping between material 
and machine components to derive solutions for ad Vn 
2) Determine from the values derived for Tn whether slipping 
would have occurred. If not, go to 4). If so, determine at which 
rollers this would have happened and then 
3) Modify values of Tad to allow for slip. 
4) Determine the tension in the regions of contact. 
Since the numerical method we have is explicit, the integration 
of the differential equations assuming no slipping is straightforward. 
It is also easy to determine from the tensions obtained if slipping 
would have occurred. We check the expressions 
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I1oge iTnd 
(t+h)/Tndl (t+h)JI un an E3.3.3 
for all n. 
If this expression is less than zero for all n, then no 
slipping has occurred, and we can go on to work out the tension 
in the regions of contact. If one or more of these expressions 
is greater than zero, then we have slipping somewhere in the system. 
The problem of modifying {Tad} to allow for slip has been 
considered in Chapter 2.5. We derived a simple averaging method 
that will in general give the correct answer. It will be inaccurate 
only when a changeover of the slip conditions takes place in the 
step-length between t and t+h. We also considered the problem 
of determining at which rollers the loss of adhesion is taking 
place. We found that for an apparent group of slipping rollers, 
it was not trivial to determine the actual group. So, if we are 
going to use a recurrence relation to determine this group, we 
must be careful not to overestimate the number of slipping rollers, 
as we require the minimum set. Any set including this set will 
satisfy the slip conditions. 
In Chapter 2.5, we defined an apparent indicator set as 
follows: 
ad 1 ad < exP(-unan) 
ad =0 exp('unan) Tnd(t+h)/Tnal(t+h) : exp(unan) 
indnd =+1 exp(unan) < Tnd(t+h)/Tnd1(t+h) 
We found that the main problem arises when successive indicators 
have opposite signs. We found in 2.5 that we can determine that 
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certain rollers must be slipping from the apparent indicator set. 
In particular if we have in the apparent indicator set a group 
of non-zero elements with the same sign, then these elements must 
have the same value in the actual indicator set, which determines 
which rollers are really slipping. If we set all the other elements 
in the apparent indicator set to zero, we get a minimal set. A 
minimal set is a set in which any non-zero element is also non-zero 
(and of equal sign) in the actual indicator set. For example, if 
the actual indicator set were 
00110 -1 010 
then all the following could be minimal sets: 
001000000 
00000 -1 010 
001100010 
and so on. 
To find the actual indicator set, we aim to find a minimal 
set which is also feasible, and satisfies the relations between 
the tensions in the different spans. For instance let us assume 
that the apparent indicator set for the example above is given by 
00110 -1 110 
From Chapter 2.5 we know that the following is a minimal set 
001100010 
However we can also see that such a set cannot satisfy the requirements, 
and that at least one of the pair (-1 1) must be non-zero in 
the actual set. We try the three possible configurations in turn 
until we find one that is satisfactory. We try the two configurations 
first with only one of the pair of indicators non-zero. We use the 
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sign of the expression derived in [2.5.9J and [2.5.13] to give 
the first configuration to try. We combine these criteria in 
one and consider the sign of 
Tn = loge 
[ad/ad]. 
TlTndnd + 
(un+l 
an+i - unan 
) 
C3.3.4D 
where n is the number of the first of the pair concerned. 
rn >0 assume roller n is slipping 
rn<0 assume roller n+l is slipping. 
We should cover the available possibilities in at most three 
attempts. In addition we may have to modify the indicator set by 
extension of a homogeneous subset of slipping rollers. If there 
are several such groups of sets, we might expect that a large 
number of trial configurations must be tried. However the method 
used to determine the tensions due to slip shows that each sub-group 
of slipping rollers is isolated, and we can make the required trials 
on each subgroup simultaneously. So usually at most three iterations 
will be sufficient to determine the right indicator set. It may 
occasionally be more if two apparently distinct subgroups coalesce. 
This section of the program is shown in the flow chart given in 
Fig. 3.1. 
We now consider how to determine the tension over the regions 
of contact on the rollers. We describe the tension in one of these 
regions by determining the tension at an equally-spaced number of 
points along the region of contact, a fixed distance from the point 
of entry of the material onto the roller. These points are a distance. 
Uh apart, with the jth point a distance jUh from the point of contact. 
For roller n we have a total of [Ra/(U1i)] +1 points (as in fact 
I 
11 
FIGURE 3.1 
GENERAL FLOW CHART OF PROGRAM 
Initialize constants, variables 
i 
Set ind(n) =0 all n 
I 
Solve eqns for {Tn-u(t+h)} by Gautschi's Method 
Test for adhesion whenever ind(n) cc 0 
by considering Tn/Tn-1 and modify 
Calculate Tensions in 
Regions of Contact 
=t+h 
ý 
Test criterion [3.. 3.4Jon Tn_1, Tn+1 
Modify ind(n) or ind(n+l) accordingly 
=n+1 
NO 
Yes 
Modify {Tnd} for slip using {ind(n)} 
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for computational reasons we require an extra point beyond the 
end of the region of contact). The reason for the spacing Uh is 
the relationship between each point and the time interval h. For 
instance, if the material at the jth point at time t has been in 
the region of adhesion while in the region of contact we have: 
Tn(jUh, t) = Tn-l(t - ih) 
and Tn_1(t - jh) will have been calculated j steps of integration 
[3.3.5] 
before. We shall write Tn(jUh, t) as Tný. (t). Using this notation, 
we have 
Tn 
o(t) _ 
Tn_1(t) 
, 
The theoretical basis for determining the tension is set out 
in detail in Chapter 2.3. First of all we give the way we 
C3.3.5aý 
determine Tn, ý(t+h). We know that if there is slip of the material 
over roller n Tn, j(t 
+ h) is given by 
Tnýj(t + h) = Tn-1(t + h) exp(± un jUh/ n) 
where the sign is determined by the sign of 
loge(Tn(t+h)/Tn_1(t+h)) 
If there is a region of adhesion on roller n, then in this 
region we shall have 
Tný](t + h) = Tn, J'lýt) 
In fact, our first step in the algorithm is to form this 
identity for all contact points. We then consider the front-slip 
and back-slip regions of contact. 
[3.3.6] 
E3.3.71 
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For the front-slip region we have to consider 
Iloge 
ITn, J-l(t)/Tn_l(t 
+ h)1I unJUh/Ri 
for j=1,2,.... 
If this expression is negative for some j= jo then we are in 
the region of adhesion (or back-slip region) for all j >, jo (from 
[2.3.23] ). When the expression is positive (j <j0) the point j 
is in the front-slip region and Tc (t + h) is given by 3.3.6]. 
For the back-slip region we follow a similar method coming 
backwards from the end of the region of contact. Here an additional 
problem arises since Rnan/(Uh) is not in general an integer. For 
this region we consider the expression 
Iloge(Tn, 
a+1-j(t)/Tn(t+h)l) - un(an - 
Uh(a+l-j)/R 
n) 
for j=1,2,.... 
where a_ [Rct/(1m)]. 
As for the front-slip region, if this expression is negative 
for some j= jl then all points j3 jl are in the region of adhesion 
(from [2.3.26J). When the expression is positive (j <j the point 
a+l-j is in the backslip region and we have from [2.3.19) 
T-'(t+h) = T(t+h)exp(± u(a - Uh(a+l-j)/R) [3.3.8] n, a+1J nnnn 
Here the sign is determined by the sign of loge[Tn a_1(t)/Tn(t+h)l. t1 
For the differential equations, it is necessary to determine 
Tn(t+h), Tn(t+h) 
the tensions in the region of contact at the front-slip-adhesion 
and adhesion-back-slip changeover points respectively. The first 
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approximation tried was to let 
Tn(t+h) = TC 
-1(t+h) 
and Tn (t+h) = TCýa+1-ý (t+h). 
01 
This approximation was found to introduce systematic errors 
into the system. This probably arises as this always underestimates 
the size of the front-slip region and overestimates the size of the 
back-slip region. So it was necessary to interpolate for TY, Tß 
nn 
in the changeover neighbourhoods. It is unsafe to use more than 
two point interpolation because of the discontinuities which can 
arise in the tension gradient. We use linear interpolation on the 
test expression to determine where this expression is zero. For 
the front-slip boundary we have 
I 
1og[Tn 
-1(t)/Tn-1(t+h)JI - 
unj° /R 
R=Xn>0 o'J0 
log 
(Te, 
j(t) /T 1 
(t+h)J ih/R =X<0 [3.3.9Lý e no n- un 
(jo+1) 
n n, jo+l 
by definition. Using linear interpolation the fractional point 
at which the expression is estimated to be zero is 
Rnj 
o+1 ]Y+ - j0 njo - Xnj 
0 
+l 
From which we derive the boundary tension 
C3.3.10 
Tn(t+h) = Tn-1(t+h) exp(± unjYUh/R1) 
In an analogous way we estimate values of jß, Ta(t+h). This 
method will work as long as there is at least one Xnj >, 0. 
This is satisfied when jY 1. 
We now consider the situation when jY < 1. This arises when 
Xn 1<0. Using 
[3.3.5a]. this means 
Xn. 1 
Iloge 
llTn-l(t)/Tn-1(t+h) >i - unUh/ n< 0 
From' 2.3.101 we have 
dTn_1(t+h) 
dt 
dTn_1(t+h) 
dt 
uU 
<nT (t+h) ýj=0 n n-1 
unU 
R 
Tn-1(t+h) 
n 
ýj>0 
Y 
If jy>0 we have the usual equation, written here in the 
logarithmic form 
loge(Tn(jYUh, t+h)/Tn_l(t+h)1I uniYUh/Rl =0 
In Chapter 2.3 we found that the front-slip boundary "catches up" 
the material in the region of adhesion. Using this fact, we can 
see that 
TnijYUh, t+h) = Tn_l(t + (1-jY)h) 
If we substitute [3.3.14] into [3.3.13] we can see that the 
expression [3.3.1] is to first order in h, 
d(_l}_ unU (dt floge(Tn-l(t 
+ il JY/2)h)Jll R 1l`n 
Using 3.3.15, we can estimate jY by linear interpolation on the 
values for jy = 0,2 i. e. the derivative at times t and t+h. 
C3.3.12 
. -q 
[3.3.131 
[3.3.14D 
E3.3.15D 
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For programming reasons, it is more convenient to use the 
expressions Xn 1, Xn 2 which have already been evaluated. 
We can see that 
Xn. 1 =h 
(Idt 
loge 
(Tn-l(t+h/2) ) nR 
J+ 0(h2) 
C3.3.161 
, n 
Now X1 2= 
Iloge(TC(2Uh, 
t+h)/Tn_1(t+h)JI - 2p Uh/Rn . 
The value of Xn, 2 depends on whether there was a front-slip region 
at time t. If there was, we require jy = 0, If there was not, 
we require jY > 0. 
If there was front-slip at time t then 
Tn(2Uh, t+h) = Tn_1(t) exp(± unUh/Rn) [3.3.17q 
and Xn 2 
'loge1Tn-1(t)/Tn-1(t+h)JI 
unUh/ n 
I` 
Xn, l , 
If we have adhesion at time t, then Tn(2Uh, t+h) = Tn_1(t-h). 
So 
Xn. 2 = 
Iloge (T 
n-1 
(t-h)/T 
n- l(t+h))l 
211 
nUh/ 
n [3.3.18 
From this we find 
" nx ,2 n'1 
U 
h 
[3.3.19D 
h 
Iloge 1T 
n-1(t)/Tn-1(t-h) 
l 
1I 
-RU 
`n 
[3.3.19J is approximately 
I 
dt 
loge 
( 
Tn-1(t-h/2))I 
11 
nU 
R 
n 
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From [3.3.161, [3.3.19j we use linear extrapolation on 
Xnh1 
01 
n, t 
h 
Xn'1 
beyond t+Zh to find j 
Y 
We find 
JY 
4X 
nj - 
Xn, 2 
2X 
n, 1 - 
Xn, 2 
[3.3.20Lý 
We need now to check what happens if Xn 2= Xns1 when we 
require jY = 0. When Xn, 2 = Xn, l' we get jY = 3. Since we know 
that jY <1 (otherwise we do not need to follow this procedure) we 
can clearly cater for this case simply by setting jy =0 whenever 
[3.3.20] does not give a value of jY between 0 and 1. 
This completes the algorithms which, combined with the 
numerical method, are required to solve the system of non-linear 
differential equations. In the next section, we shall consider the 
errors which result from the approximations which are made. In 
particular, we are interested in the restrictions on the step 
length h which are necessary for sufficiently accurate solutions. 
3.3.3 Testing of Computational Method. 
To determine the performance of the numerical method for the 
general equations, two small hypothetical systems were considered. 
We choose small systems to make investigation simpler. We will 
also be able to use smaller sizes of step-length h, and still get 
a sufficient time interval of integration. This is to find out 
what computational errors arise, and to what extent they are 
propagated in the solution as time elapses. We use both an open 
and a closed circular system, as these have important differences. 
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They are denoted by systems A, B respectively and their parameters 
are given in Table 3.1. 
TABLE 3.1. 
System A System B 
tensile "stiffness" k/N 6.6 x 104 
coeff of, friction u 0.4 
L. /m 0.9 0.9 0.9 0.9 0.9 
1 
Ri/m 0.09 0.03 nip 0.069 0.03 0.03 
Ji/kgm2 0.018 0.006 nip 0.06 0.006 0.006 
ai/° 90 
° 157° 90 ° 90° 
For both systems A, B we considered a disturbance in tension 
caused by the second roller being eccentrically mounted. For 
system A we considered machine speeds which gave oscillation 
frequencies near the first resonant frequency of the system. For 
system B we concentrated on considering the highest system resonance. 
This difference will show up significantly in the results, and 
will give us some indication of the characteristics of the various 
resonances. 
We first consider system A. We chose the first resonance 
because at this frequency the oscillations of tension in the two 
spans are nearly in phase and of similar amplitudes. This means 
that if the oscillation is large compared to the mean tension, we 
shall get a very low minimum tension before slip between material 
and free roller takes place. Thus any errors introduced at this 
point into the solution, being proportionally comparatively large, 
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would have the maximum effect on the subsequent computed solution. 
Having fixed the size of the eccentricity of the roller, we 
determined the tension oscillation about the resonance when the 
mean tension was made very large. This confirmed the results 
obtained from the linear model, as we would expect. For the 
eccentricity we used (25.4 um) the amplitudes of the oscillations 
in the two spans were found at resonance to be 37.3N and 43.6N 
respectively. These solutions were obtained using a step-length 
of 5x 10-4 S. 
The system was then solved with a mean tension of 55.7N. This 
was expected to give some slip but at only one machine speed did 
any take place. When there was no slip, the solutions, when 
computed with different step-lengths, (typically 5x 10-4 s and 
2.5 x 10-4s) showed barely detectable (about 1 in 104) differences. 
However, when slip did occur the errors involved were at least an 
order of magnitude higher. 
For this reason, a third set of solutions were found when the 
mean tension was kept down to 27.9N. It was expected that we would 
find widespread slipping and this was the case. We found that when 
we solved the equations with the machine speed that gave the most 
slipping that the errors induced were large when using a step length 
4 
of 5x 10 s. Since we are using a numerical method which assumes 
continuity of the tension derivative, whereas the first derivative 
is not continuous when slipping occurs, we expect errors to arise 
whatever the step length. In this case, we found the numerical 
method provided a solution which tended to a steady state. However, 
it was found that if the step length was halved, the solution tended 
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to a different steady state. The increase in amplitudes of the 
oscillations when the step length was halved was about 5%. With 
more computation, it was found that the maximum step length that 
can be used is determined by the actual steady state solution. 
If the step length is larger, the method tends to artifically 
"flatten" the oscillations, and so underestimate the amplitudes. 
For this system, it was found that the required steplength was 
about 0.00025s. From considering other systems, this problem was 
only found to be significant when the proportional variation of 
tension was very large. (In this case it was about 95%). This 
will only arise at the first resonance of the system, when the 
oscillations in the spans are all nearly in phase. (This is a 
particular example of a general result which will be derived in 
Chapter 5). 
The amplitudes of oscillation for the three applied mean 
tensions are shown in Fig. 3.2. When the mean tension is very 
large, we get more or less symmetric peaks. The middle curve 
shows the case where the mean tension is such that slip is just 
beginning to come into play. We can see that the machine speed 
at which the amplitude is a maximum is less (by about 2%) and 
the curves are not symmetric. In the third case, when slipping 
has become an important feature, the peak is again at a lower 
speed, but the maximum amplitude is much smaller and the peak much 
flatter. It is also noticeable that the peak amplitude is largest 
for the middle case. This is generally found to be so for the first 
resonance. For higher order of resonances, the peak may increase or 
decrease as the mean tension is reduced. 
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Figure 3.2. 
For the small closed system, system B, which we considered, 
the problem of the large proportional variation in tension is not 
a feature. We study this problem for two different reasons. 
Firstly, we need to determine how well the computational method 
copes with more complicated slipping arrangements. The second 
concern comes from the nature of closed systems. In any such system, 
the level of tension is a free variable, whereas in the open system 
it is determined by the tension in the starting component, usually 
a roll of material. This feature appears in the theoretical model, 
and gives rise to one eigenvalue being zero. This means that the 
closed system, as opposed to an open system which is stable, is 
only marginally stable. This could have serious affects on any 
numerical method, since some errors which appear will'not decay 
away. These errors are manifested as a slow drift of the mean 
tensions. The only solution is to have a method that keeps the 
drift within acceptable bounds while the transient components of 
the solution are dying away, so that we can identify the features 
of the steady state solution. It is difficult to determine the size 
of this drift (unless it is large) and so we tried different step- 
lengths and found the size of discrepancy between the different 
solutions. As a consequence of this drift, the numerical method 
had to be particularly accurate, and various approximations to the 
contact region changeover tensions Tn, Tn were found to be inadequate. 
With the contact region algorithms which have been set out in 
this chapter, the errors resulting from them were not detectable 
(ti 0.001%). Again, as with the open system, errors were found at 
the points where there was an adhesion-slip changeover on one of 
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the rollers. In this system we also found errors when the slipping 
arrangement changed (for example when roller 1 stopped slipping and 
roller 2 started). Although these errors individually weie of the 
order of 10-4 , they did not appear to aggregate, and so the mean 
tension drift was contained within acceptable limits (ti 0.1% over 
a time interval of integration of 2s) for a step length h=5x 10-4 S. 
The solution curves for system B for four different applied 
mean tensions are shown in Fig. 3.3. We can see first of all that 
in none of the cases did the proportional variation in tension 
exceed 50%. For this reason we did not meet the problem encountered 
with the open system. This low value is due partly to the fact that 
it was a closed system, and partly because we considered the system 
about its highest resonance. The oscillations in spans one and 
three were in phase with each other, but out of phase with span two. 
For this reason, slipping would tend to occur at a lower proportional 
variation. The general features of the curves are much the same as 
those shown in Fig. 3.2 for the open system. However, in contrast, 
we can see that when the mean tension is too high for slipping to 
occur the peak amplitudes tend to decrease as the mean tension 
decreases. 
The application of the numerical method to these two systems 
has shown that it will give sufficiently accurate results for step- 
lengths near the limit imposed by the interval of absolute stability 
of Gautschi's method. However it has also been shown that the step- 
length should be reduced if the apparent proportional variation of 
the oscillations is large. 
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CHAPTER 4 
FORMULATION OF MATHEMATICAL MODEL FOR 
LINEAR VIsco-ELASTIC MATERIAL 
85 
4.1 INTRODUCTION. 
In the last two chapters, considerable work has been carried 
out to develop a general model of the web tension behaviour. 
There it was assumed that the materials involved satisfied Hooke's 
Law. This would be sufficiently accurate for some materials, such 
as metal strip, but would be inadequate for other materials, 
particularly where visco-elastic effects are significant. For 
example, the main material used in the experimental work, Melinex, 
is a polymeric film (polyethylene terephthalate) and exhibits 
significant visco-elastic properties. For this reason, the "elastic" 
model does not predict the results obtained from the test rig. 
Before we can incorporate the effects of visco-elasticity 
into the theory we have to adopt a model for the behaviour of the 
material. Models of visco-elasticity have been outlined in several 
standard books on material elasticity [21,22]. 
We assume a time-dependent linear stress-strain relation 
which may be written as 
T(t) = M(t)e [4.1.1J 
where M(t) is called the relaxation modulus of the material and 
e is a step change in strain at time t=0. The reverse relation 
"is given by 
e(t) = C(t). T [4.1.2] 
where C(t) is known as the creep compliance of the material. 
Due to the linear form of the relations, we can say that the 
tension at time t due to a series of strains applied at times ti 
equals the sum of the tensions which result from each individual 
strain. 
T(t) _ Ti(t) [4.1.3 
where Ti(t) is the tension at time t, resulting from instantaneous 
strain Sei applied at time ti, so 
. Ti(t) = M(t-ti)Sei H(t-ti) 
where H(t') is the Heavyside function 
H(t') = 0, t' <0 
H(t') = 1, t' >, 0 
so we have 
[4.1.4] 
T(t) M(t-ti)Sei Ii(t-ti) [4.1. fl 
i 
As we let i}-, in the limit the summation becomes an integral 
and we get 
t) = M(t-t' ) 
ät, dt' C4.1.6] 
fo 
T( 
Similarly, we have 
(0 t 
e(t) =1 C(t-t') 
dT 
dt' dt' .- 
C4.1.7] 
As a model for the extensible behaviour of the material, we 
use the standard linear solid model. This is the simplest model which 
gives the general characteristics of creep and relaxation which 
actual materials show. A spring-dashpot representation of this 
model is shown in Fig. 4.1. 
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Ti 
Fig. 4.1. 
The creep compliance and relaxation modulus are given by: - 
C(t) =1 E1 + 
1l1 rE2t. 
E2J E2 exp l n 
MM =12 E1+E2 
E1 ( (E1+E2)tl 
+E exp(- 
nJ 2l 
C4.1.8 
C4.1.9 
Other parameters we shall be interested in determine how 
the material behaves when subjected to a sinusoidal stress. We define 
the dynamic moduli as follows: - 
If T=T sinwt 
0 
then T. T 
e= Eý(w) sin wt -E"0(w) cos wt 
where E' is the in-phase, and E" the out-of-phase modulus of the 
material. 
For the standard linear solid model we have 
2 
El ` 
E1 E2(1 + w2TÖ) 
E1+E2(1 + w2TO) 
[4.1.10] 
E2(1 + 
2TÖ2 )_n 
E" = WT where 
To 
E 
02 
Alternatively, we can write 4.1.10] as 
T 
e= E*ýw) sin(wt - 
SM) 
ý4.1.11 
ý4 1.12] 
where E* is the magnitude of the dynamic modulus and tans is called 
the "loss factor" of the material. 
It is particularly important to note that, for this visco- 
elastic model, when wT0 «1 the material appears to behave under 
E1 E2 
sinusoiaai stress lixe an elastic material witn moauius E1+E2 0 
and when WT0 » 1, like an elastic material with modulus E1. 
4.2 DERIVATION OF EQUATIONS FOR VISCO-ELASTIC MATERIAL. 
When we introduce visco-elastic effects into the model, 
we shall find that the equations which essentially are derived 
from dynamic considerations will be unchanged, but those concerned 
with the amount of material will be greatly altered. First of all, 
this means that the expressions which determine adhesion or slipping 
in the region of contact will be unchanged. However, when the 
material is in a region of adhesion, the strain will remain 
constant, and so the tension will change, due to relaxation. For 
the same reason, the equations derived from considering the roller 
dynamics are also unchanged. 
Clearly, the main task is to derive new equations to replace 
those obtained from considering the amount of material in the 
system. We use the same method, but here we have the strain as 
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a function of position rather than equal to T/k. For, although 
T is constant in the span between rollers, the strain is not, 
because of creep compliance. 
We start the derivation in the same way as for the elastic 
case. We assume there are points xn, xn+l in the regions of 
adhesion on rollers n, n+l respectively. Then the amount of 
material in span n is given by 
nan Ln 
' xn+l 
1' o_r 
dx 
+r 
dx r dx r43 
n xn 1+ en(x, t) o 
1+ en, x't)+ 
01+ en+1(x't) 
. 2.1 
where en(x, t) is the strain in the region of contact over roller n 
a distance x from the start of contact in the direction of travel. 
Again, the rate of change of material in this length = Rate 
of entry into loop - Rate of exit from it, so 
a 
dxn dxn+l 
dLn 
n dt n+l dt 
dt 1+ en(Xn, t) 1+ en+l(xn+1't) 
Secondly, we find dLn/dt by differentiating . 
[4.2.1 with 
respect to time: 
dL° _o Ra- c, . Ln axn 1-Jn 
dt dt 
n = 
°n 
t* enkLn, t) Wo (1 + enkx, t)) 
dxn+1 1_ 
xn+l Ben+1(x, t) 
dt 1+ en+1(xn+1't) 
J° 
at 
dLn 1L aen(x, t) 
+- dt 1ýo rT. rl  
at 
dx 
C4.2.2D 
il + en(X, t))2 
dx 
at ,. ,_., I at 
1 
-2 2 
at 
dx r. ., . %-1 
+ en+1(X't)) 
2 
L4. I.. ij 
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If we define an(t), yn(t) as before, we can say that, as 
in Chapter 2 
c Rnan 8en(x, t) dx 
nan 8en(x, t) dx 
ý 
xn 
8t (1 + en(x, t))2 Rß 
at (1 + en(x, t))2 
nn 
+v 
1 
n1+ ec(R ß , t) nnn 
1 
1+ en(xn, t) 
Dec Sec 
since, in the region of adhesion Dtn - 
Vn Dxn 
Similarly, we have the equation 
xn+l aen+1(x, t) 
Jn at 
1 
dx 
0 
at (1 + ec., (X, t))2 I1T1 - 
n+1Yn+1 
Den+1(x't) dx L 
at (1 + oc r 
7t n7 
0 V` (1 + en+1(x, t))` 
1_1 
- vn+l 
1+ en+1( 
n+lYn+1't) 
1+ en+l(xn+l, t) 
Now, by subtracting [4.2.3] from [4.2.2] and making substitutions 
[4.2.4aJ 
[4.2.4b] 
as shown in [4.2.44 we get the general "amount of material" equation: 
nan 
aen(x, t) dx 
Ln 
aen(x, t) dx JR(1+ 
ec t)) 
2- 
j+e2 
ßn n(x, 
o (1 
n(xýt)) 
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dLn 1 
n+1yn+1 
Ben+1(x't) dx 
+ dt 1+ en(Ln, t) - 
Jo 
at 
+c2 (1 en+1(x, t)) 
Vn n+l 
4.2.5ý 
l+ (R 
nßn't) 
1+ en+l(Rn+lYn+l't) 
Since we assume strains en «1 and Vn = U. we can approximate 
[4.2.5D, in a way analogous to the model for an elastic material 
to 
nan aen(x, t) 
L 
8en(x, t) fRn+1Yn+1 Ben+1(x, t) f 
at dx -fo dx -I at dx 
nßn 
Jo 
= IVn - Vn+l dtný t- 
Ulen(Rnßn, t) - en+lC n+lYn+1't) 
E4.2.6ý 
lý 
We can now see that the main problem is to relate the strains 
to the applied tensions in a way to get a reasonably soluble set 
of equations. To relate the strains and tensions for a particular 
element of material, we must consider the history of the element's 
passage through the system. We shall first assume that the tensions 
vary in such a way that no front-slip regions are formed i. e. 
_Yn(t) = 0. We can then give a well-defined element history. 
Let us assume that a particular element is at position x' on 
span n at time t'. Then we can construct the following history: 
1) Enters region of contact of roller n at time 
t' - (x' + nan)/U with a strain of en-1(Ln-1't' (x' + nan)/U) 
and an applied tension of Tn-1 (t' - (x' + nan)/U). 
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2) The element maintains this strain throughout the region 
of adhesion from time t' - (x' + nan)/U to time t" where 
t" = t' - (x' + nn(t"))/U. During this time the tension changes 
due to relaxation. 
3) The strain changes under the influence of the changing 
tension in the back-slip region from time t" to t' - x'/U. 
4) The strain changes under the influence of tension Tn 
in time interval t' - x'/U to t' when strain equals en(x', t'). 
The adhesion-slip boundary is defined as for the elastic 
case by 
Tn( 
nßntýý) = 
Tn(týý)exp(± un(an ßn(t'ý))) 
We first of all determine Tnc(R nßn't") 
in terms of 
en-1(Ln-1'tß-(x' + nan)/U) and Tn_1(t'-(x' + Rnan)/U) by using 
the relaxation modulus of the standard linear solid model. Let 
the element of material be unstrained and unstressed at some 
arbitrary starting time t1. So e(tI) = T(t1) = 0. 
to 
Now Tn(R thI) 
J 
M(t"-T) 
dT 
dT 
I 
-so 
But while the element is in the region of adhesion 
dT 
= 0, 
C4.2.7 
C4.2.8 
t'-(x'+Rnan)/U 
(R 
nßnt'ý) 
ft 
M(týý-T) 
d 
dT [4.2.9D 
I 
We also have 
jtt_( 
nU) = 
+Rnan 
M(t'-(x'+Ra 
nn)/U-T)äT 
dT Tn-1(tý-(x'+n a)/ 
tI 
[4.2.10D 
93 
Now, using 04.1.9] for M(t) we can show that 
Hence 
ElE2 r (E1+E2)Rl 
1 nl + E1+E2 
I1 - expl nU Jý 
en-1(Ln-1't-(x'+ nan)/U) 
ý4.2.12] 
( (E+E)RßJ 
M(t"-t) = exp(- 
1 
nU 
n M(t' - (x'+Ri«n)/U-T) 
+ 
ElEZ 
((1 - ex I(- 
(E1+E2) nßn 
E1+E2 l 
pl 
nü ýý [4.2.113 
Tn(Rnßnt") = exp 
(E 
l- 1 
+E 
nU 
)R 
nßnl Tn-1(t'-(x'+ nan)/U) 
Since 
it 
_t'-(x'+R a_) /U 
I 
de dT =e (L t'-(x'+R a )/U) - e(t ) dT n-1 n-1' nn 
nn 
and e(ti) =0 by definition. 
To find expressions for the strain to'substitute into [4.2.6J 
to provide reasonably soluble equations we find is only possible when 
ERa (E +E )Ra 2nn 
ýý 1 or 
12nn«1. In these cases we can make first 
nU nU 
order approximations to the equations which lead to equations similar 
to those for ideally elastic material. 
0 
We can derive an expression for en(x, t) using the creep compliance 
to get 
ft 
en(x, t) = en(0, t-x/U) + 
t-x/U 
C(t-T) 
dTn 
dT C4.2.13 
We consider first of all the term 
Ln aen(x, t) 
J at dx at 
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So 
Ln aen(x, t) Ln Ben Jo 
at 
dxJO 
at 
(o 
Ln dT 
(O, t-x/U)dx +I C(O) dtn 
d. 
J 
Ln 8T Lnt dT 
dT dx [4.2.144 
o 
C(x/U) 
atn(t-x/U)dx + 
fo J_1U 
at(t-T)dTn 
First of all, by differentiating [4.2.13] partially with respect 
to x and using the identities (from [2.3.7J) 
ae ae 
aX 
n (o, t-X/u) _-ü at 
n (o, t-X/u) 
aT aT 
axn 
(t-x/U) 
U atn 
(t-x/U) 
we get 
Be Be aT 
Xn (X, t) ü atn (oýt-X/u) +ü c(X/u) atn(t-X/u) 
[4.2.15] 
So the sum of the first and third integrals on the right hand side 
of 4.2.14, is simply 
n 
-U I_ ax" (x, t)dx = U(en(o, t) - en(Ln, t)) 
(Ln 8e 
1 axn (x, t)dx = U(en(O, t) - en(LI  0 
The second integral is 
dTn Ln dTn 
Ln C(O) dt El dt 
E4.2.16 
E4.2.173 
We are now left with the last and most complicated integral. 
In general, this cannot be simplified very much, and would have to 
be calculated numerically in any computer solution of the equations, 
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which would be very time-consuming. However, we can find a 
ITT 
Ln 
«1 or 
E2Ln 
» 1. good approximation in the cases where 
E2 
These restrictions are similar to ones given above. If 
ERa EL (E +E )Ra 2nn»1 
then 
2n»1. 
Similarly, if 
12nn« 
nu nu flu 
then for typical values of Rlan, Ln, E1, E2, 
E2Un 
« 1. The 
two sets of expressions come from comparing the creep and relaxation 
timescales to the transit times over the spans and the roller 
contact areas respectively. The equivalence of these two pairs 
of inequalities is clearly dependent on the various parameters, 
but for typical machine and material properties, we can assume 
these inequalities equivalent. 
The fourth integral is, using [4.1.8J 
Ln 
Jt( E2(t-T) dT Jo 
-x/U 
n 
exp I- Tý 
, 
dT 
dt dx . 
[4.2.18] 
l 
As the integrand is independent of x, we can reverse the 
order of integration, and carry out the integration with respect 
to x. We get 
(t (E (t-T)dT 
(L-U(t-T)) n exp 
f- 2n ln d,, . 
E4.2.19] 
t_Ln/U n 
dT lJ 
We can see from [4.2.13] that 
t dT 
en(Ln, t) = en (O, t-Ln/U) + 
It-L 
/U 
C(t-t) 
dTn 
dT . 
[4.2.20] 
n 
1 
Now if 
LnU2 
«1 we can approximate C(t-T) =E over the range 
1 
of integration, so 
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n(Ln, 
t) = en(O, t-Ln/U) +E (T (t) - T(t-Ln/U)) E4.2.21 
1nn 
If we do this, then 
at is very small, so the expression 
[4.2.19] can be neglected as being negligibly small. 
For the second case, when we assume nu2 »1 we have a 
L 
slightly different situation. Here we can assume that only the 
integrand near T=t will give a significant contribution to the 
dT dT 
integral, so we can put dTn equal to dtn over the 
integral. 
[4.2.19] becomes 
dTn t( E2(t-T)1 
dt 
't-L 
(L U(t-T))1 exp I- IdT 
n 
/U lI 
We integrate [4.2.22) by parts to get 
L dT dT t1fE (t-T)1 
exp 
r- 2J dT 
E2n dtn -U dtn 
ft-L/U 
E2n l 
We can integrate the second term direct. In particular we 
know that this is less than 
1( E2 
(t-T) l-n 
E2 exp 
I- 
nJ 
dT 
tE2 
2 
So the second term in C4.2.23] can be disregarded since 
LnE2 
__ ,ý 
Ln 
__ 
Uli 
Wý "I. I). ýýi nu --ý E^ - 
r2 
. 
c P, 2 
[4.2.221 
C4.2.23 
So we can now rewrite the equation of conservation of matter as 
nan 
Den ( 
n+lyn+l 
Ben+1 dLn 
-1 Dt 
(x, t)dx -J at 
(x, t)dx = 
(Vn 
- Vn+l dt, 
Rnßn 0 
L dT 
- (R nßnýt) - 
en(O, t)) + U(en+1(Rn+lYn+l, t) - en(Ln't)) + En 
Ti 
dt 
»1- 
C4.2.24 
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LE 
where E=E1 when nut << 1 
I1+1 
when 
Ln E 
2» 
1. 
E E1 E2 TlU 
We write the strain terms on the right hand side of [4.2.24] 
in this way because they shall appear to separate into these two 
pairs. 
First of all, consider the case when Yn+1(t) = 0. 
c So. en+1 (R n+lyn+l't) = 
en(Ln, t). 
In the back-slip region; we can determine the tension, and 
as a result we find the strain to be 
e(x, t) en-1(Ln-1't-x/U) 
l t(nnnn 
+ C(t-T) T('t)exp ± u(a (x-U(t-T))/R)JdT [4.2.25] 
l t-(x-R 
nßn)/U 
DT Il 
where ßn is the slip boundary when the element at position x at time 
t passed into the slip region. Hence ßn is dependent on x as well 
as t. 
If (E1+E2)Rnan/(nU) «1 we can assume that over the range 
of integration C(t-t) = 1/E1. Moreover, from 4.2.12] we can assume 
TC(Rn0n't) = Tn-l (t nan/U) for all t. 
From this we can make the approximation 
en(x't) - en-1(Ln-1't-x/U) + 
k(T(x, 
t) - Tn-1(t-x/U)) 
1. 
Using [4.2.26) by direct 
Rnr 
integration we 
' n°n 8e 
,-{ 2tn 
(x, t)dx + U(en( n6n, t) 
Rß 
nn 
can show that 
- en(0, ý)) 
[4.2.263 
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1 
nan 8T cUnc 
E at 
(x, t)dx +E (Tn(Rnßn, t) - Tn(t)) C4.2.27] 
1 nßn 1 
If we substitute [4.2.27] into [4.2.24] we get the equation 
for the elastic model with k replaced by El. This result occurs 
because the time scales over which all the tension changes take 
place are much shorter than those required for significant creep 
or relaxation. So we would expect the elastic equation to hold 
dT pVT 
even when 
IdtnI 
> nR n as the time-scales will then be even n 
shorter. 
If we have 
Enunan 
» 1, then we should expect for most 
values of ßn that 
(E1+E2) nBn 
-nu 
so from E4.2.12 we find 
1, » 
F '1E 
Tn(Rnßn't") = E1+E2 en-1(Ln-1't" 
nßn/U) 
to first order of small quantities. 
From 4.2.25] we can find an approximation for en(x, t). 
C(t-T) =1+1 over most of the range of integration, and for E1 E2 
the first part of the integral we use the same approximation as 
before, when deriving 04.2.221. 
Then we have 
[4.2.2 8 
1 , (T 
(t)eXP(± u 
(a -x/R ))-Tc(R ß t-(x-R 6 )/U), ec(x, t) (+ n E2 nnnnnnnnn 
+ en-1(Ln-1, t-x/U) 
dT (tt (E (t-T)l 
expl- 
Znf dT 
dtn exp(± un(an x/Rn))1 
-(x-R n6n 
)/U 
E2 
l1 
C4.2.29D 
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From putting t" =t- (x-Rnßn)/U in C4.2.28 we get 
en-1(Ln-l, t-x/U) = IE +E2 
JTC(Rß, 
t(xRß)/U) 
l 
SO 
en(x, t) = 
If 
+E ITn(t) exp(± un(ari x/ n)) 
12 
dTn ft-(x-R t1( E2(t-T) 
dt exp(± un(an x/Rn)) E expi-dT l JJ 
nn)/U 
2n 
[4.2.30] 
and the value of the integral is at most 
n2 « 
(E 
+E 
1RÜan 
E2 1 2/ 
for x> Rn$n, i. e. in the back-slip region of roller n. 
Now since here we are assuming no front-slip boundary we have 
dTn(t) unVnTn 
dt R at all times. 
So we can neglect 
the last term in [4.2.30] as giving a negligible contribution. 
We can also show that even if for isolated instants 
dTn unVnTn I 
dt R 
n 
as long as Tn is continuous 
we can still use the approximation when E2 nan/(nU) »1 
er(x, t) _ 
Ilk 
+E ITn(t) exp(± un(ari x/Rn2J 
We are thinking in particular when slipping over roller n 
occurs. To get the expression in 4.2.29] we assume that dTn/dt 
[4.2.31 
changes little in a time scale of n/E2. 
Now let us assume 
I 
dtn I ti R Tn for T< t-c where n 
c« n/E2. We need to estimate the size of 
1 (t ( E2(t-T)l a(nnnn l 
EI expi nI aTIT(T)exp(t u(a 
(x-(X-T))/R))fdT 
2 t-(x- nßn)/U l 11 ` JJJ 
C4.2.323 
which is the last term in [4.2.25J. 
We split this into two integrals 
Jt_(x_R)IU tt+ t-s 
J t-e 1 t-(x-R 
n0n) 
/U 
The second integral we can replace by an integral of the same 
form as that in [4.2.29] and so can be neglected. 
The first integral we can approximate to 
(t dT 
-E2 exp(± un(an-x/ n)) J- dTn dT =- 
E2exp(± 
un(an x/Rn))1Tn(t)-Tn(t-e: 
te 
Since Tn must be continuous, this also must be small, and we 
should be able to neglect this as well. 
The problem of determining the strain when front-slip regions 
exist is more difficult. However, in this first part we have seen 
that if E2 nan/(nU) » 1, the extension deviates from the pseudo- 
elastic relation with k= E1E2/(E1+ E2) by a negligible amount after 
it has passed through the adhesion-slip boundary. The inequality 
means that the material has a very short "memory" time-scale, so 
we would only expect deviations to occur near the changeovers from 
slip to adhesion. We have seen that the effect of one such changeover 
can be neglected. Now in the more general case, although in theory 
a particular material element can go through an unlimited number of 
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such changeovers, in practice, especially if we are considering 
tension variations of the same order as the roller rotation 
frequencies, this number is limited. We find that the usual 
maximum number is four'[front-slip/adhesion, adhesion/back-slip, 
back-slip/adhesion, adhesion/back-slip so we can assume the 
accumulated differences are still negligible. 
In this section, we have shown that when the time-scale over 
which the tensions change is very different to the time-scale on 
which visco-elastic effects of the material occur, we can reduce 
the equations describing the system to those for an elastic material 
with an appropriate value for the tensile modulus. At first sight 
this result would appear to be obvious, but we had to consider the 
changing conditions which a particular material element experiencies 
as it moves through the system. We have deduced this result 
assuming the standard linear solid model. If we consider a more 
complicated linear visco-elastic model, we. would still expect the 
same effect. For these models will only be linear combinations of 
groups with each group having the same form as the standard linear 
solid model, but with a variety of parameters. We generalise the 
result to say that we can use the elastic equations with the tensile 
"stiffness" k replaced by the dynamic "stiffness" E*(w) whenever 
the loss factor tan6(w) is small. If tand(w) is small, we expect 
that the time-scales of the material Ti will satisfy either 
wT. «1 or wT » 1. This criterion can be applied for any 
practical material as these two quantities are directly measurable. 
In practice, for all the materials used in tests, it was 
found that tans was small over the range of frequencies that were 
measured. It has been seen in Chapter 3 that the computation 
required to solve the general elastic case was considerable. 
There was no justification for attempting to solve the general 
visco-elastic model, since it was obvious that the computation 
required would be much greater. In the next section, when we 
consider the linearised visco-elastic model, with adhesion 
assumed over the whole region of contact, the case when tand is 
not small will be considered. We would expect tand to act as a 
damping factor on the tension oscillations, but it is difficult 
to say how significant it will be compared to the other damping 
factors. For example, when we have loss of adhesion at some of 
the rollers, this tends to be the dominant influence on the sizes 
of the tension fluctuations. 
4.3 ADHESION MODEL FOR A LINEAR VISCO-ELASTIC MATERIAL. 
4.3.1 Derivation of Equations. 
In Chapter 3.1 we showed that the general elastic model reduced 
to a simpler form, involving only linear ordinary differential 
equations, in certain circumstances. In this section we wish to 
derive an equivalent simplified model for visco-elastic material. 
The simplified elastic model was derived by assuming 
tdTn/dtl << (unVn/n)Tn. Then the slip-region in the area of 
contact could be considered negligibly small, and we could assume 
complete adhesion between material and roller surface. We make 
the same assumption for the visco-elastic case. We also assume 
that the visco-elasticity can be represented by a standard linear 
solid model. 
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With these assumptions, we can simplify equation [4.2.6] 
by setting an(t) = an and yn+1 (t) = 0. Then we get 
Ln 8e In dL 
J Sn 
(x, t)dx = n+1 t- 
UIenc ( 
nan't) en+1(O't) 
[4.3.1] 
To find relations between strain and tension, we construct 
a material element history and then use the standard linear solid 
model. For a material element at position x in span n at time t 
we require the following history: 
1) Element enters region of contact on roller n at time 
t- (x+ nan)/U. At the time the strain is en_1(Ln_i, t-(x+ nan)/U) 
and the applied tension is Tn_1(t-(x+ nan)/U). 
2) The element moves through the region of contact at a 
fixed strain from time t- (x+Rnan)/U to time t- x/U. 
3) At time t- x/U, the element reaches the end of the 
region of contact and undergoes a step change in tension from 
Tn (R 
nan, 
t-x/U) to Tn(t-x/U). 
4) The element moves along the open span after roller n 
and the strain changes according to the applied tension Tn from 
time t- x/U to time t. 
Using this history with the creep compliance of the material 
we can derive the equation 
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en(x't) = en-1(Ln-1't-(x+Rnan)/U) 
+ C(x/U)(T (t-x/U) - TC(R a , t-x/U)) nn nn 
t dT 
t-x/U 
C(t-T) dTn dT 
[4.3.2 
We can derive a value for Tc(R by putting ßn(t") =an 
in equation [4.2.12] 
ýI 
(E1+ E2) nan1 
(R 
nant-x/U) = exp nU J Tn_1(t-(x+Rnan)/U) 
+. E Ra (E ) 
+ E1+E2 I 1- exp 
(- 1 
nu 
2n nJ 
l en-1(Ln-1't- 
(x+ n01n) /U) 
4.3.3 
We can get a more explicit equation for en(x, t) from [4.3.2] 
as follows: 
Jt-xU ` C(t-T)dTn dT = 
(E1 
t+E 21 
(Tn(t) -T n(t-x/U)) / 
_1 
rt E2(t-T) dTn 
J exp 
(- 
n) dt 
dT E2 
t-x/U 
Let 
't-x/U tE2(t-T) dT 
f (x't) = exp 
(- 
n) dTn 
dr 
then we find that 
8f E2 dTn r . 
E2x aTn 
at +nf dt - exp I- nU 
i 
at 
(t-x/U) 
_ý 
C4. 
[4.3.5] 
By applying 4.3.5] to en(x, t) and, where appropriate putting 
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+ 
(- 
E f( Ex 
t+ 
n2J en(x, t) n exp I- nÜ 
ý 
Tn(t-x/U) 
at 
(Tn(t-x/U)) _- 
äX (Tn(t-x/U)) etc., we get 
E 
E JYnt + n2J Tn_1(t-(x+Rnan)/U) 
(ii l (la 
+2J 
exp 
lf 
T t- x+R a)/U) E2n t1Ux1 n2 8x, n-1 
<<nn 
n[ at 
l 
+ Ynr2t + 
n21 en-1(Ln-l, 
t-(x+ 
nan)/U) 
E (1-Y )(E xl (E 
+ E1+ En exp nU Jln2 ax, en-1(Ln-l' t-(x+Rnoi, n)/U) 12` 
El+ E2 l dTn 
+ Ely 
Tn(t) + E1 dt 
where Yn = exp I- 
(E1 + E2) nan 
nU I 
C4.3.6] 
E 
If we transform equation [4.3.1 to 
dt [4.3.1 +2 [4.3.1] 
the left hand side of the transformed equation will be 
Ln 2en(x, 
t) foO 
at 
nu 
E2 8e(x, t) 
+ 
Ti at 
dx. 
For, since we assume Vn, Vn+l = U, it follows from the equations 
that dLn/dt « U. So 
dL de de 
dtn dtn 
(Ln, t) «U dtn 
(Ln't) 
: ib 
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dL 
dtn en(Ln, t) «U en(Ln, t) 
In fact, when using [4.3.6] we use either 
d 
Ln 
l [.! a 
8t 
(x, t) +n en(x, t)) dx 
oI 
or 
Jo 
L 2e1E2 
aen 1 
- 
lt2 (, t) +n (x, t)I dx 
J 
for each group of terms, depending on which form is more convenient. 
It is clear that to first order of small quantities this gives 
the expression required. 
So 
d 
Ln aen E2 l 
dt 
f (at (x, t) +n en(x, t)) dx = 
0 
UY 
(E+ E2 
+1T (t_R a /U)-UY 
E1+E2 
+C(L /U)a T 
(T-(L 
+R a n E1n E1 dt) n-1 nn ný Enn dt} n-11 nnn 1 
YE E (1-Y ) EL 
+U( nn2 + 
(Yn+ 
E+ E2 eXp 
(- 
r2jUn) dt en-1Ln-1 ' 
t- (Ln+n«n) /U) 
1 
YEE1 +EY E+E dT L d2T 
U(n2+ 
2ndýe 
-Ra/U)- 
12nn I. 
n E1+E2 
IT) 
n-1ýLn-1't nnEln 
Ln dt E1 dt2 
1 fo 
n E2x 8Tn 
. 1. 
n exp I nU 
)öt 
(t-x/U) dx 
It can be shown by making the change of variable T= t-x/U 
that the last integral is equivalent to 
C4.3.71 
U (t r E2(t-T) 
dT 
1 exp I- n JdT 
n dT 
t-L /U 
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which is the integral (to within a multiplicative factor) left 
when putting x= Ln in 4.3.4]. 
By substituting for the integral in [4.3. ] the equation 
becomes 
d (Ln 
8en E2 (E1+E2 1d_ 
dt f 
(8t 
(x, t) + en(x, t)ldx = UYnI E r1 
+Ed, Tn-1(t nan/U) 
0l11 
- UY IE1+E2 + C(L /U) 
(EZ 
+ 
fT1t_+Ra)/U) 
nnn 
(YnE2 E1(1-Yn) 
_ 
E2LnllfE2 
+ UI 
n+ 
Yn+ 
E+ E2 exp 
ý 
nU JJIn 
+ 
)Je_i(L_1, 
t_(Ln+Rnan)/U) 
ll1 
- U(Y 
nE2+E1 
+E2Yn a Je_1(L_1, 
t_R a U)- 
n 
exp - 
ÜTn(t-Ln/U) 
E1+ E2 n n' 
, 
UE UE E +E dT L d2T 
n2 en(Ln't) 
+n 
2(E1+ ]T(t)_ 
E1ý2 
Ln dtn En 2n 
[4.3.8] 
1 dt 
This expression is very cumbersome. However its importance 
lies in the fact that using this expression we can reduce the 
equation [4.3.1] essentially to a linear ordinary differential 
equation involving only the tensions in the spans and the strains 
ät the end of the spans. To complete the number of 
differential equations we put x= Ln in [4.3.6 And replace the 
partial by the full time derivatives [and replace -Ua/ax by d/dt]. 
This is equivalent to putting x= Ln in [4.3.2J and then carrying 
out the same procedure that we used to derive [4.3.6]. 
The procedure we have followed can only be done when we have 
IUS 
made simplifying assumptions about the region of contact. In 
the non-linearised system of equations, the ranges of integration 
are time dependent, and this makes this procedure unworkable. 
We can simplify the equations further. We rewrite [4.3.1] 
as 
d J[(xt) 
L1 
-+n en(x, t)Jdx + Uln + 
(E2 
n+ dtl 
fVn 
n+l dtnJ 1 
C4.3.9] 
Using expression [4.3.8] and equation [4.3.6 for en(Ln, t) 
we can express [4.3.9] as 
E2 dLn UE 2 f (e (L , t)-Y e (L , t-(L +R a )/U)) ln 
+ dt Vn - Vn+1 dt nnnn n-1 n-1. nnn 
+ UY 
(E1+E2 
+1a1T (t-R a /U)-UY IE1+E2)T (t-(L +R a )/U) n dt l Ein Ei n-1 nnn Ein n-1 nnn 
+ U(1-Yn)I 
ln2 
+ E2+E dt, en-1(Ln-1't nan/U) 12 
ffU (E1+E2)Ln dTn Ln d2T 
_ IE+ I dt E dt2 Eln lJ1 
qd 
(e (L , t-R a 
/U)-e (L t d n-1 n-1 nnnn 
ý 
We can see that [4.3.10 reduces to the elastic case (as we 
would expect) in certain situations. For, if, the speed and rate 
of change of variables is high, then we can say that Yn =1 and 
that the time derivative terms dominate, so [4.3.10 becomes 
C4.3.10 
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dL 
-j -t 
fVn 
- Vn+l - dtn, = 
dT 
a/U) - E 
1(t 
nn 
1 dt 
U 
dTn Ln d2Tn 
E1 dt E1 dt2 
In the second case, when U is low and the rate of change of 
variable values is slow, then Yn =0 and the lower derivative 
terms dominate, i. e. 
E dL 
n2 
fvn 
- Vn+1 dtnl 
C4.3.11D 
EEE +E dT 1 2 
ý2 U(en-1(Ln-1't- nan/U) - en(Ln, t)) - n2 " ElE2 
Ln dtn 
[4.3.12, 
and by applying the same conditions to [4.3.6] with x= Ln we get 
E2 E2 
n 
en(Ln, t) E1E2 
Tn . 
C4.3.13] 
4.3.2 Derivation of Equations for Sinusoidal Tension Disturbance. 
We have derived a set of linear ordinary differential equations 
in Vn, Tn and an (L 
n , 
t). If the machine is being perturbed by some 
sinusoidal disturbance (for example an out of balance roller), then 
using these equations we can derive simultaneous equations which 
will give us the amplitudes of the steady-state oscillations in 
n, Vn and e(n, t). 
Let us assume that the system is being perturbed by a sinusoidal 
disturbance with angular frequency w. Then we solve by substituting 
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into the equations solutions of the form 
T=T+A sin wt +B cos wt nnnn 
V=V+C sin wt +D cos wt nnnn 
e (Ln, t) =e+G sin wt +H cos wt 
nnnn 
We substitute for Tn, Vn, en(Ln, t) in the roller dynamics 
equation E2.2.1], the material equation [4.3.10] and the equation 
for en(Lnt) [4.3.6]. For the roller dynamics equation we assume 
the friction terms may be neglected. We use this equation to 
substitute expressions for Cn, Dn in the material equation, and 
so reduce the number of equations to 4N, where N is the number of 
spans in the machine. For each differential equation, two 
simultaneous equations are found by setting the expressions in 
cos wt and sin wt to zero. For example, we would derive from 
[4.3.10] that 
[4.3.14] 
(A 
n, 
Bn, Gn, Hn)sin wt + (A n, 
Bn, Gn, Hn)cos wt =0 C4.3.153 
From [4.3.15) we can see that 
fn=0 ; fn=0 
In fact, the equations are more useful if they are recombined by 
the following transformation: 
E 
fn 1= 
n2 
fn + wfn =0 
E 
s fn=-wfn+n? fn =0 
C4.3.163 
C4.3.173 
C4.3.18 
The derivation of these equations is laborious but 
straightforward and we'get the results, first from [4.3.6] : 
qn-1 n-1 rn-1Hn-1+ sn-1 n-1 + tn-1Bn-1 + Gn - sn n- tnBn =0 
C4.3.19] 
rn-1Gn-1 qn-1Hn-1 - tn-1 n-1 + Sn-1Bn-1 + Hn + to n SnBn -ý 
C4.3.20 
where 
Yn = exp 
(E 
1+E2 )Rnan 
nu 
(1-Yn)El 
qn-1 = 
(yn 
+E+ E2 exp 1 
(1-Yn)El 
rn-1 
(Yn 
+ E1+ E2 exp 
P 0 
l 
EnUnll 
=tan1 
(nw 
2. 
cos(( nan+ Ln)W/U) 
EnUnJI 
sin((R nan 
+ Ln)w/U) 
sn-1 Yn C(Ln/U) cos(( nan + Ln)WIU) 
tn-1 - Yn C(Ln/U)sin(( nan + Ln)w/U) 
_r- 
2 (( EL 
sn =E+ 
cEs p- 1 exp I- 
nu 
n} cosp cos(p + Lnw/U) 
122li 
t n 
sinp cosp (- 
E2Lnl 
E2E2 exp nU J cosp sin(p 
+ Lnw/U) 
From t4.3.10J and [2.2.1] we get the equations 
un-1 n-1- 
°n-1Hn-1+ n-lAn-1 Xn-1Bn-1 un n+ vnHn+ Wn n+ XnBn+ Wn+l n+l Zn 
4.3.2ID 
vn-1 n-1+ 
un-1Hn-1+ Xn-1 
nA -1+ 
Wn-lBn-1- v 
nGn 
unHn Xn 
nA 
+ WnBn+ Wn+lBn+1 Zn 
[4.3.223 
where zn, zn are expressions related to any sinusoidal disturbance. 
For example, if roller ,n 
is eccentric by an amount an, and w= U/ R 
then zn = anw cos C, zn = -anw sinC where C is some arbitrary phase. 
The other terms depend only on the machine, material parameters and w. 
They are : 
un-1 = U(1-Yn)(cosp sin(p+ nanw/U) - E2 sinp cos(p+ nanw/U)/(E1+E2)) 
+ UY 
n 
cosp sin(p+(R 
nan 
+L 
n 
)w/U) 
v= n-i 
U(1-Y 
n 
)(cosp cos(p+R 
nan w/U) 
+E2 sinp sin(p+R nan w/U) 
/(E 
1 +E 2)) 
+ UYn cosy cos(p+( nan+Ln)w/U) 
_1 
R2 rr 
w= n+ UY I1 + cosp (sin(p+R a w/U) - sin(p+(R a +L )w/U)) Ti-. '. Jnw n E1 E2) nnnnn 
sEnp cos(p+R 
nn 
aw/U) 
1 
x= UY 
Il 
+-I cosp (cos(p+R a w/U) - cos(p+(R a +L )w/U)) n-1 n 
(f, 
E2) nnnnn 
+ sEnp sin(p+R 
nanw/U) 1 
un =U sinp cosp 
vn =U cos2p 
ýý i R- R- 2l 
w n 
wýJn 
+ Jn+ll + 
LnwlE + cEs pJ+ E sinp cosp 
n n+1 121 
+l 
x 
2R 
EnL 
w 
sinp cosp +U1 sin2p wn+l =J 
n+1 
W 2 
From previous work, we would expect the equations to reduce to 
the elastic case when w« E2/n or w» E2/n. This is the case and 
can be easily verified. 
We can make a more general and useful simplification if we 
consider the disturbance is due to one of the machine components 
(for example w= U/R) and further assume that R«L. for all j. 
We need only consider the case when w ti E2/n. Using the 
assumption R« Li we can see that 
exp(- 
EnUn) 
ti exp 
(- R)«1. 
We also assume that we can take Yn = 1. This clearly will 
not generally be accurate. However, it turns out that when the 
loss factor tan 6 is significant, terms involving Yn are overshadowed, 
so its value is not critical. 
If we use these assumptions, we can simplify equations [4.3.19) 
to [4.3.22 to two equations involving only the tension oscillation 
amplitudes: 
Wn-1 nA -1 xn-1Bn-1+ Wn 
n+ Xngn+ Wn+1 n+l = Zn 4.3.23 
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where 
Xn-1 nA -1+ 
Wn-1Bn-1 Xn n+ WnBn+ Wn+1Bn+i = Zn 
R2 
w=1 sin(R a w/U) + sinp cos(p+R a w/U) +n n-1 `E1+ E 
12, 
nnEnn Jw 
u 
2 
Xn-1 = Uý(E +E )cos(R nanw/U) - sEnp sin(p+R nanw/U) 1 
12) 
2 
22R 
(1 cos2p sinp cosp n+ 
n+1 
Wn = LnwlE +E)-UE (1+cos2p) -w 
(J 
J 122n n+1 
xn = 
Lýw 
sinp cosp + 
E_+ 
E 
cos2p cos2p F. 
_ 
__. _r __, rF-F 
`2 Y1 y2 
wn+1, zn, zs as before. n 
If w" E2 h we can assume cos 2p reasonably small, and can 
[4.3.24 
certainly neglect the term involving cos 2p in wn since U« Lnc. 
2 
For xn we have E cos2p cos 2p = 
Ucos p-U 
cos2p(1-cos 2p). 
222 
Now 
E 
cos2p (1-cos 2p) = 
EU 
cos2p sin2p 
22 
Clearly 
EU cos2p sin2p «LEw sinp cosp 
22 
so this term may be neglected. 
Also 
lE 
+ý 1 sin(R nan w/U) + 
sEnp 
cos(p+R 
nanw/U) 122 
sin(R nan 6'/U) -1 
+ cos Ep/+ 
(R 
nan)/U) 
sing 
Ecosp 
Il 
22 
2 
_. ý 
C4.3.253 
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and 
i (. IIi 
[+-! lcos(R 
a w/U) - 
sinp 
sin(p+R a w/U) E. E- nn E- nn 
1.1 
2 
(1 
Cos2p sing cosy 
cos(R nanw/U) 
(E 
+EJ- sin(R E 122 
In Section 4.1 we gave expressions for the in-phase and 
out-of-phase dynamic moduli E', E". 
If we put wt = tan p then [4.1.12) becomes 
I+ cos 
2p 
E' E1 E2 9 
1 sing cosp 
E" E 2 
So we can put n-1' n-1' wn, xn in terms of E', E" and we have 
rsin(R 
nanW/U) Wn-1 U E' 
cos(Raw/U) 
Xn 
ln 
-1 
( 
E' 
Lnw U1n2 
wn = p= ýL Ell 
'w 
(J 
1+ 
n 
cos (Rlanw/U) Rn 
2 
E" 
J+ 
Jnw + 
sin( nanoo/U) 
E" 
2 R+ 
n+l. 
Jn+l. 
_ý 
Lnw 
xn = E +U E, 
We can-rewrite the terms wn-1' xn wn xn in terms of the 
magnitude of the dynamic modulus E*, and the loss factor tan S. 
We have 
1_ cosS 1 sinS 
E' E* ' E" __ E* 
E" 
C4.3.263 
E4.3.27 
4.3.28 
and so the terms become 
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R2 
Wn-1 = 
ýý 
sin(R 
na n 
W/U + d) +J nw 
n 
xn-1 = 
E* 
cos(R 
nanw/U 
+ d) 
2 /u2+L22 
E*W cos(cn + 
S) -WIR 
(/ 
Jn + 
J+1 
ln n+l. 
n 
/U2+L2w2 
-1 U 
nx_ E* sin(c n+ 
d) where cn= tan- an Lw 
n 
E4.3.29] 
We now have a more general set of linear equations using 
the dynamic moduli E', E". This is preferable as E', E" are directly 
measurable quantities and do not rely on some theoretical model of 
the material visco-elasticity. It is clear that the above set of 
equations will still result if we assume more complicated models 
of the material such as 
C(t) = E, 
1(1- 
exp(-t/T0) dT0 . 
j' 
T 
0 
Since this is just a sum of creep compliances that we have 
already used with a range of time-scales T0. 
Although certain assumptions were made which are not strictly 
applicable, these equations in practice give closely similar results 
to the full equations. The two sets of equations were compared by 
considering a system similar to the test rig used for the experimental 
work. In this case the average value of R/L was about 0.1 although 
the maximum value was about 0.5. Various hypothetical sets of 
values of E1, E2 and n were used, and the equations were solved 
for a series of values of w, where w= U/R. some i. In all cases 
the difference 'in amplitudes of oscillation was found to be very 
small, of the order of 0.1%. As the average value of R/L is 
increased, the degree of accuracy will decrease, but we can see 
that the equations using E', E" can be used to a reasonable accuracy 
for a wide variety of systems. 
CHAPTER 5 
DERIVATION FROM LINEARISED MODELS OF EXPRESSIONS 
FOR DAMPING AND PARAMETER DEPENDENCE 
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I 
5.1 SETTING UP LINEARIZED MODEL AS MATRIX PROBLEM. 
5.1.1 Introduction. 
The theoretical work described so far has been concerned with 
developing mathematical models of web-handling machines to describe 
in particular the dynamic behaviour of the longitudinal tension. 
In this chapter we are interested in determining which machine 
parameters have a significant effect on the tension characteristics 
under particular running conditions. This work naturally post-dates 
verification that the models give a reasonably accurate picture of 
the tension behaviour in practice. It is described here as it is 
a natural progression from the previous theoretical work. In 
practice there was considerable cross-stimulation of work between 
that to be described here and the experimental work carried out on 
the test rig, to be described in the next chapter. 
We have already seen in Chapter 3 through numerical solutions 
of the mathematical model that, under certain running conditions, 
very large tension variations can occur. We are interested in 
finding out what parameters affect these system "resonances". To 
do this, we consider generally the linearized models, as the methods 
for investigating linear equations have been extensively developed 
and various useful results are available. Later, we shall consider 
how the results obtained might be modified when it is necessary to 
use the non-linear model to describe the machine characteristics. 
5.1.2 Derivation of Matrices. 
1) Linear Elastic Material. 
We recall that when we derived the linearized set of equations 
for elastic material in Chapter 3.2, we found that any. sinusoidal 
tension disturbances could be calculated by solving a set of 
simultaneous equations dependent on w, the angular frequency of 
the disturbance. In the last chapter, we have found a similar 
result for material exhibiting viscoelastic tensile behaviour. 
We first of all consider the elastic case. As a starting 
point, we recall the set of linear equations derived in Chapter 3. 
(equations [3.2.12], E3.2.13 ). 
R2 
_kn+ A LnW w Jn 
22f2 
R 
n+ll +Ak n+l +A Ik n+ Usin(R a w/U) Jn+1 n+l wJn+1 n-1lwJn nn 
+ UBn - UBn_1 (R nanw/U) 
= zn 
R2 R2 kR2 kR2 
Bf Lw-k n+ n+1 +B n+1+B n+Usin(Raw/U) 
n w(J ni n+l 
, 
n+1 wJ n+1 
n-1 ýwJn nn 
- UA n+ 
UA 
n-1 cos(R nanw/U) 
= zn 
An 
(w), Bn(w) are the amplitudes of the tension variations in 
span n. i. e. 
Tn - Tn + An (w) sin wt '+ Bn(w) cos wt 
_ý 
E5.1-11 
1.2] 
In equations [5.1.1], 5.1.21, the terms on the right hand side 
represent the disturbances introduced into the system. 
The left hand side represents the system response. We make the coeffic- 
ients dimensionless by multiplying them by WJSLs/(kLnRs) where 
Ls, Rs, Js are standard values of span length, roller radius and 
a 
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moment of inertia. Normally; these would be mean values, but 
sometimes, for example when most of the values of one quantity 
are equal, this value is more convenient. We define the three 
quantities W, jn, zn as follows: 
w= 
2J 
L R2J 
ssns 
kR2 
in 
R2J 
ssn 
9 
L 
ýn = Ls 
n 
We get 
t üW 
A (W -k (j +j )) +A tj+A 
(R 
j+n sin(Raw/U) nnn n+l n+l n n+l n-1 nn isw nnJ 
% UW (t Wzc 
+ Lsw Bn Bn_1 cos( nano/U)) = Lswn 
R UW 
Bn(W - ýn(Jn+ Jn+l)) + Bn+1Rnjn+l+ Bn-l(xnin+ Lcw sin(R nanw/U) 
£ UW R WzS 
Lw 
(An 
n_1 
(R 
nanw/U)ý 
=L 
wn S 11J s 
S 
We can represent the system of equations in the matrix form 
. 
DE (w) y (w) =z (w) 
where 
E5.1.3] 
C5.1.4 
1.5D 
zT (w) = (A1(w), B1(w)...... Aý(w), BN(w)) 
RW 
zT(w) =L w(zi, 
zl,...., zN, zN) is the perturbation vector 
s 
3 
DE(w) is the system matrix. 
In this chapter we are primarily interested in the system 
matrix DE(w). We would expect that, for certain values of w, 
the determinant of the matrix will be small, and so the system 
will be sensitive to perturbations at these resonant frequencies. 
In particular, we are interested in the situation where these 
perturbations are caused by irregularities in the machine components. 
In this case the angular frequency w is proportional to the machine 
speed. We set w= U/R where R will usually be the machine component 
radius. 
We decompose 11(w) into three separate matrices: 
DEiW) =A(W) +L BE +LW CE 
ss 
where A, 
E, CE are defined as follows: 
A(W) = A' + WI, where I is the identity matrix. 
ýt 
= 
0%0t 
_ A 
rai,; 
a2i-1,2i-3 2i, 2i-2 iý ýi a 
a2i-1,2i-1 a2i, 2i =- RiiJi+ 
ii+li 
a2i-1,2i+1 - a2i, 2i+2 liji+l 
ti 
other a: =0i, j 
By = 
[b1j b =- 
b 
=- ßcos(R. a/R) 
, 2i-1,2i-2 2i, 2i-3 ii 
b2i-1,2i b2i, 2i-1 
[5.1.6] 
C5 
. 1.73 
other 
bi, 
j =0 [5.1.83 
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CE ci c=c =Zi sin(R. ai /R) 
,j 2i-1,2i-3 2i, 2i-2 i 
ti 
other c. .=0 1.03 
The first and last pairs of rows of A, BL,. (! are affected by 
whether we are considering an open or closed system. 
Open system 
i, jl `"2i-1,2i-3 `2i, 2i-2 
äi. 
ýl 
=ä2,2=-11i. ]1+J2) 
ti, 
- 
ti 
a: .. =a;, .= 1,3 42,4 t J2 
a2N-1,2N-3 a2N, 2N-2 ýNýN 
a2N-1,2N-1 a2N, 2N = NýýN+ 
ýN+1ý 
b1,2 b2,1 = ý1 
rv Ai b 2N-1,2N 
b2N, 2N-1 N 
b2N-1,2N-2 b2N, 2N-3 RNcos(RNaN/R) 
FU ru 
c2N-1,2N-3 c2N, 2N-2 =I Nsin(RNaN/R) 
Closed system 
--l 
For the closed system, the matrices have these non-zero elements 
at the beginning and end of the matrices with JN+1 - j1' 
We also have the following non-zero elements: 
ä1,2N_1 = 
ä2,2N 
= ý1J1 
5.1. fl 
b1,2N b2,2N-1 ý1 cos(R1a1/R) 
a1,2N-1 = 
c2,2N 
=z1 sin(Rlal/R) 
We assume first that R« Ls. Then we can see that A(W) is 
the dominant matrix, and so expect the resonant frequencies to 
be determined to a good approximation by 
det (A(W)) =0 [5.1. io] 
For reasons that will become apparent, the matrix BE is called 
the system damping matrix. CE will slightly modify the values 
found by solving [5.1.10] . 
2) Linear Visco-Elastic Material. 
For the linear visco-elastic material, we can make a similar 
transformation to the linear equations. Since we are primarily 
interested in the case when R« Ls, we can use the simpler equations 
given in r4.3.23J , 4.3.24] , 
r4.3.28J 
. We can represent the coefficient 
matrix as the sum of three matrices: 
Viw) 
= A(W) +L BV + LW CV 
ss 
w2JsLs 
where here W=2 and we assume w= U/R again. 
E'R 
.S 
j_'s. i. iiý 
First of all we find that the dominant system matrix A is the 
V 
-same as for the elastic case. However the system damping matrix B 
and the eigenvalue modifying matrix CV are different: 
v_ ti ti B bi, ' b2i-1,2i-2 
ti b2i-1,2i 
0 - b2i, 2i-3 ßi(cos(Riai/R)-tandsin(Riai/R 
FU 
Ls 
b2i, 2i-1 _ Ri +R tand 
ý5.1.12 
other bi, j 22 0 
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ti 
. CV = Cc. =L1' 
ti 
c 2i-1,2i-3 = 
eko 
c2i, 2i-2 ki(sin(Riai/R)+ tandcos(Riai/R)) 
c 2i-1,2i-1 c 2i, 2i 1i tand 
ti 
other ci. J =0. 
E5.1.133 
We shall have similar variations to elements of the first and last 
two rows of BV, cV for open and closed systems as we had for the 
elastic case. For the visco-elastic case, it is important to 
remember that E', tand are functions of the angular frequency w. 
In general the variation with w is very small. It is also of interest 
to note that in the case when tan8 is significant the term involving 
V 
Ls tand/R dominates B. When tand is small, the matrices tend to 
the elastic case with k= E', as we would expect. 
In both cases, we expect large amplitudes of oscillations to 
occur when det (A(W)) = 0. From inspection of the form of A(W), 
we can see that the solutions of the equation are just-W =-X: 
1,2 
J 
j=1, N where 
, 
x11'2} are the eigenvalues of A'. We write the set 
of eigenvalues in this way because we can deduce from the shape of 
A' that the eigenvalues come in pairs with X. X?. The corresponding 
pair of eigenvectors *i'1, sj, 
2 
can be expressed in the form: 
0, ý2, o,.... 0 .Sý N' 0) 
e 
j, 2i 
a. (p1 ýlf 0, ei'. * 3,0, ei 
) 
4 
"T 
where 
i ý'2, '''''', iN) is the eigenvector corresponding 
to the eigenvalue X. of the reduced matrix A" where A" is an NxN 
matrix such that 
and A. = A. a. .= 
a2i, 
2j 
i, 
. T 
a? 
3 
125 
5.2 DERIVATION OF RESONANCE DEPENDENCE ON MACHINE PARAMETERS. 
5.2.1 Orthogonality Relations of Eigenvectors. 
Before we can derive expressions describing how the matrix 
eigenvalues depend on the various machine parameters, we need to 
find orthogonality relations for the eigenvectors of A: '. If a 
matrix is symmetric, it is a standard result that one can construct 
a set of mutually orthogonal eigenvectors. Although A' is not 
symmetric, it can be decomposed into the product of two symmetric 
matrices. We therefore look for a weighted orthogonality relation. 
We have A" =L. J 
r -ý 
L= LLiýjJ Liýi = Ri, 
Liýý 
=0 otherwise 
(j i+ j i+l)' 
ýi, 
i+1 ji+1 
I. 
=0 otherwise 1, J 
If the system is closed we also have 
ý, 
*, a a. 
Now 
ý; 1, N "N, 1 ý1 
A"ý =ai 
ý 
=L .2 lJ 
1" 191 
where i? is the eigenvector corresponding to a_. i 
0 
Premultiplying both sides of [5.2.1J by L1 we have 
J. *j =a. L 
T 
and premultiplying by týik we get 
i k` -1 
. tJ -. L `f f. J. ýJ = Aj , 
i; ý ý 
kT -i. kT 
C5.2.1 
E5.2.2] 
Since J, L1 are symmetric we can also show that 
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Xk C5.2.33 
Subtracting C5.2.2D from E5.2.3J we get 
T 
(- ai) ýL1. *j =0 E5.2.43 
This is the weighted orthogonality relation we required. For if 
T 
X#aj then Pik . 0. If X. = ak, jjk we can construct 
ýý, 
k 
such that this condition is satisfied. 
For convenience we define the transpose of the vector 
k 
orthogonal to i as 
TT_ 
ýk =k. L1=L (L1i2*2, ...., LON) s 
In a similar way, we could also show that 
T 
(Ak-xj )±k. Jl. ýj =0. 
This is not very useful, as J-1 will be a complicated matrix, in 
1 
contrast to L. We can now use the orthogonality relations to 
examine the coefficient matrix, in particular at resonance. 
TTTT 
From Ck we define 'l jk'2 to correspond to ýk, 
l 
* 
k, 2T 
T 
t 
k'1 
= (9; 
`, 09 zk, 09.... 9 zkp 0) 1 A. 1V 
ýk'2 
T° 
(0, Z1' 0e ý2,.... , 0, ZN) 
5.2.2 Tension Oscillations at System Resonance. 
We recall [5.1.5] the general linearised system of equations 
in matrix form 
D(w) ý(w) = z(w) C5.2.53 
127 
where D may be DE(w) (given by r5.1.6J for an elastic material) 
or DV(w) (for a visco-elastic material, from 
We expect JyJ to be large when Jill is small. This will occur 
when W is approximately equal to -X1,2 j=1, N such that IA(W)I = 0. 
First of all, let W- Xý aý A.. We can consider y 
as a linear combination of the basis formed by the eigenvectors of 
A(W). 
ý ýk ,1+ý Yk Výk' 
2 
k=1 
Yk 
k=1 
Now, substituting [5.2.6] in [5.2.5], separating D into its 
constituent matrices, 
11(w) Z (w) _ 
N 1 
k1 
+ý k1 
R71. RX. l 
Y1 BI ýk'1 C Ls -L 
sk JJ 
RA. RA. 12k, 2 A. )I -ýC-ýB1 yk 
ss JJJ 
where B, are correspondingly 
E, 
CE or BV, CV 
T 
Premultiplying 05.2.7] by ý'1 we get 
=Z 
_ý 
(X. - 7ý)Y 9ý'1T" yk 9Z '1T" C. ý, 
k'1 
ý k=1 Ls 
-ý 
J2ýZ'1T 
. B. ýi . 
k'2T 
k1 Ls 
yk- 
ý 
C5 
. 2.6D 
C5.2.7 
5.2.8 
RX. 
If we assume -L-2 « IAR - AI, Rj then we neglect the terms 
s 
RA. 
in and this gives 
s 
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11 
y. t = A. at 
2,1T 
.z 
ýý'1T" ýý'1 
(The assumption RX /Ls « IxZ -xjI is valid as long as one of 
E5.2.93 
i, J 
are not both large. Since we are mainly interested in the first 
few eigenvalues, we can use this inequality as long as R« Ls). 
Similarly 
21 
v=- 
Z'2 T 
'ß aý - aR 
E1'2Tý1,2 
By inspection of the shape of B, C (given by [5.1.88 , 
[5.1.9] 
, 
[5.1.12] 
, 
[5.1.13] ) 
ýj'1 
T 
CIV. 
J, 2 
=EJ, 
2 TC ýrl 
=0 
3,1 
TB 
'1 = 
j, 2 TBj, 2 
=0 
T 
Premultiplying [5.2.7D by Ej' 
1 
and using [5.2.11 , 
[5.2.12 we 
get 
1T 
B ýj ,2 
?l 
LS lJ-J 
_ý 
[5.2.12] 
_ýN(; 
i1 Tý ,l 9k 
1T k2 
YkJ'1T. 
k-1 
ý 
, 
k#j 
5.2.133 
We can substitute expressions for yk, y2 in [5.2.13] using T 
equations 
[5.2.9], [5.2.10]. If we assume Ej, 
1 
.z is not small 
[5.2.10] 
E5.2.11 
T 
compared to the maximum size of ßk'1 .zi. e. the resonance is 
a prominent one then we can neglect the terms in 
[5.2.13] arising 
RX 
from the values of yk, yk as we are assuming L5 
, 
X. l << 1 
So, we have 
Ra. 
J 
L 
s 
ý ýJ, 
1 
yJ + E], 
1 TB ýJ, 
2 
yJJ = 
ýj 
'1T. 
In a similar way we get 
C5.2.14 
RaJ(ýJ, 2T B ýJ, 
1 
yl+J, 
2T 
C2y 
21 
= ýJ2T" z. 5.2.151 LS li JJ 
However we can also split IZ in a different way at W=X (l+e. ) 
such that 
det IA(W) + 
Ew 
lS JJJ 
Clearly c«1 and the corresponding eigenvectors can be 
J 
expressed, to first order in c., 
= 
-c 
N 
+ e. ý rk ý k=1 
and similarly for ßj'2 
Let 
ýk, 
l 
ý' _k yk1 
,cý, 
1 
+k yk2 
, cýck, 
2 
. 
Clearly, since ei " R/Ls «1 to first order we have 
j, 9. TBk, 3-R 
=&j, 
l T Býk, 3-R R= 1,2 
5.2.16D 
[5.2.17 
C5.2.18] 
Substituting expression for y into E5.2.5J we get (with W= ai + c. ) 
2N R(X+e. ) ll£ k ,. t x( =z5.2.193 LS 3 B1 yk, c 
ýic 'ý 
Z =l k=l 
If we premultiply [5.2.19] by 
kl T 
ßk, 2 
T, 
kj we get 
the same as [5.2.9], [5.2.10] to first order 
(ai ýý yk, c 
1) 
E' 1T. 2 
(X i-Y yk, c a'- ý-I` . 
i, 2T 
Premultiplying C5.2.19] by ý '1 ,C gives 
C5.2.20D 
C5.2.2Q 
N 
(X, _ý)ýrJ eJ, 
1T J, 1 
yk'c - 
L_ý, 
9], 
1T 
B ý, 
J. 2 
Y2 = Z3'1T" 
k=1 s 
kij C5 
. 2.22] 
- 
RX. 
ýJ, 2T B1 yý, c 
+N iýý_ak)Ekrý ýJ, 
2T ýJ, 2 yk2 
,c= 
ý]'2T. ZLs 
k=1 
kOj [5 
. 2.23] 
We can see that the two terms involving B have been essentially 
unchanged from equations [5.2.14 , 
C5.2.153. Using [5.2.20] we 
have 
_r Nk jý1T j, 1 1NkT ,1k, 1T ý 'Xk)Ekr ý* YkIc =E Ekrj "Vjý ý. z5.2.24 'k=1 k=1 
kij k#j 
Since ck « 1, if we expect &J't 
T. 
z ti (E 
k'l T0 
z) 
max 
we can consider expression 05.2.24] negligible. We now get to 
first order in ej the oscillation amplitudes at resonance Xj to 
k. 2T 
be in the form 
ýý yj + yj 
where 
1 
yj 
J 
L_ 
j'2 T 
5- 
T 
RXý EJ'2 .B. ýJ ý1 
ýJ . 1T 2Ls-. z Y; °--- 
T j, 2 
Raý &J .1. R. * 
E5.2.25] 
5.2.26D 
The actual resonance position will probably lie somewhere between 
Xi and A. + ci . Since equation 
[5.2.25) results from considering 
W at both -A. and -(A. + ci ) we would expect this result to be 
accurate. This result in itself is quite important, for it implies 
that the amplitude of oscillation in the kth span of the system is 
proportional to the kth component of If. 'k+l 
is a different 
sign from Ak we would expect from 
[5.2.25] that the oscillations 
in the k+lth span would be 1800 out of phase with the oscillation in 
the kth span. In fact, when 
ý 
is small, other effects are 
significant, and the phase change will be more gradual. 
The expressions given in [5.2.261 will generally be--less 
accurate. They will tend to overestimate the amplitudes, but 
should be more accurate the more prominent the resonance is. This 
TT 
happens because then &j z will be larger than 
E. 
zIj. In 
all cases, the expressions are a useful first approximation. 
By calculation we find 
=-}-"K tll' '_ SV 
where 
N 
Sv (1+Litand/R) (ýi)2 Vi-lcos (S+Riai/R) /cosS [5.2.27] 
i=1 
where ö= 
*N if the system is closed 
=0 if the system is open 
If we put tanS = 0, this will reduce to the elastic case 
ýJ'1 
T 
BE. ýVJ'2 =- ýJ BE. ýJel = SE =Ný (ý, 
i )2 - ýi ý'i-1 cos(Riai/R) 
i=1 
0 2T 
[5.2.281 
If we normalize the eigenvectors 
N 
SE =1-ý ý'i ý'i-1 cos(Riai/R) 
i=1 
[5.2.293 
From the form of equation [5.2.263 we can see that LXjT B ßj'2 
s 
represents the system damping. This is why we refer to the B 
matrix as the damping or stability matrix. 
The use of the expressions SE, SV is described in detail 
later. Here, as a preliminary, we can see that for SE, the important 
control variables are the angles of wrap ai. For SV, we have the 
additional factor that, when the material loss factor tans is 
significant compared to R/Ls, the expression is dominated by the 
term 
N 
tR öý Li(ýi)2 
1=1 
5.2.3 Eigenvalue Parameter Dependence. 
It is required to determine how the eigenvalues A. of A" 
are affected by changes in the values of £k, jk. Now A. is an 
eigenvalue of A" if 
det(A" - X. fl =0 
Since A" =I. J we can instead consider 
det (A" 
det 
det(L, 
N 
And we can see that det(L) 2, i 
# 0. 
i=1 
So X. is also a solution of 
3 
det (J-aL1) =0 
Since J, L-1 are symmetric matrices, we know, by using the 
Rayleigh-Ritz method that 
.T 
A. =T 
ýý "L1" ýý 
5.2.30] 
c 
. 2.31] 
E5.2.32] 
where 4j is the eigenvector corresponding to A.. Moreover, we also 
know that if 1* - 13I is 0(c) where c is small then 
(ý; - xl is 0(e`) where A=T_, J 
. L. 4 
[5.2.33 
Hence 
10 
at alI5 . 2.34 Vý = 
aý 
, 
äý 3 
1 2,. . ., N 
-* 
T. 
J. * 
0 
Since 
3 al 3 DX ae 
1.8k at ±=ý 
E5.2.35] ti) +Va 
mmm 
ax. ax. ax. 
and similarly for a. 
J 
. We can find at3 , 
by differentiating 
ým m ým 
[5.2.33] with respect to ßm, jm respectively as if ý is. constant. 
This approach will work as long as the eigenvalues are distinct. 
The matrix eigenvalues are considered in the next section. 
Substituting the elements of J, into [5.2.32 we get 
A. = J 
where 
and 
where 
Hence 
N+1 2 
Ls c jiýýi - ýi-1) 
i==1 
N 2n 
ý 
i=1 
*ö = ýN+1 =0 
A. _ 
3 
Ls Cj iýýi - ýi-1ý2 i=1 
N 1n 
Li 
i=1 
ý'o-ý'N' 
aaý 
_-Ls(ým-N aj 
mýL 
i=1 1 
open system [5.2.36] 
closed system [5.2.371 
_ý 
[5.2.38] 
where ýö -0 for open systems, *ö = *N for closed systems 
and 
aai X. L 
for both types of system. [5.2.39] aR ý 
= 
i=1 
It is more convenient to write the differential 05.2.399 with respect 
to Lm. We get 
Di. a3.4m)2 
i)2 
8Lý 
C L4 
i=1 
C5.2.40 
5.2.4 Eigenvector Component Characteristics. 
In the last two sections, expressions have been derived, 
relating the position of the system resonances, and the damping 
at resonance to the various system parameters. All these expressions 
involve the components of the eigenvector corresponding to the 
particular resonance being considered. As a result, we are 
interested in finding characteristics of the eigenvectors which we 
can relate to the eigenvalue number. 
In this'section, we are considering in particular open systems 
only.. At the end of the section, the extent to which results 
derived for open systems can be applied to closed systems will be 
considered. 
Here we define '' as being the main matrix describing the open 
system with parameters {1i, i=1, N; ji i=1, N+1}. We also use 
N(ý) _(- 
XI I where I is the Nth dimensional identity matrix. IN : ýN 
For the eigenvalues of to closely correspond with the system 
resonances, we assume RX/Ls « 1. 
If we work out IA - ý=Nl by expanding the determinant along 
the Nth row we get the following relation: 
AN(X) -(x- (jN+jN+1)RN)A N-1(x 
) jNZNýN-1ýN-2(ý) 5.2.41 
By working out the determinants for N=1,2 explictly we find 
e1M =-a- (J1 + , 
72)t 1 
e2 (X) _ (- a- (J1+j2)2.1)(- A- (j2+j3)I2) - j2ý, 1z2 
To satisfy [5.2.41) for N=2 we set eo(A) = 1. 
Theorem 5.1. 
The n eigenvalues an (zeros of An(a)) thread the (n-1) 
eigenvalues ýi-1 (zeros of An-1(X)) i. e. 
5.2.42 
5.2.43 
n;, n-1<-ýnn=1ý 
.. ý xn 
n-1<_x n 
1122 n-1 n-1 n 
We prove this by induction. We assume this set of inequalities 
is satisfied for n= N-1. 
Now, since all the eigenvalues are negative the sign. of 
N 
AN(0) is (-1). 
°N(X1-1) 32N 1NtN-2AN-2(X1-1) by substituting X= XN-1 
into [5.2.37] . 
Now 
N-1 
< -XN-2 so AN-2 (Ai-1) has si gn (-1)N-2. Hence 
d, 
N(lýN-1) 
has sign (-1)N-1. So AN(A) changes sign in the interval 
137 
0>A> XN-1 , so there 
is at least one zero of AN(A) in this 
range. In the same way we can show that AN(X) changes sign in 
every interval aý-1 >x> ýý+i. 
Again we can show that AN(X) has at least one zero a< aN-1' 
Now AN(X) has at most N zeros so there can only be one zero in 
each interval. So the eigenvalues Xý thread the eigenvalues X 
-1. 
To complete the proof by induction, we must show the theorem 
to be true for n=2. 
e1(Jl) =-a- R1(jl+j2) so x1 =- (ii +j 2 )t 1 
E5.2.443 
e2(a) = (- a- (J 1+j 2)ý1) ( -a - 
(j2+j3)ý, 
2) - ; 2t 1R2 
so L12(0) = (]1J2 + J1J3 + J2J3)1112 >0 
A2(ai) =-i 
2Z1x2 
<0 
A2 (' large negative) = X2 + 0(A) >0 
C5.2.453 
5.2.463 
5.2.47 
So A2(a) has two real eigenvalues which "thread" the single 
eigenvalue of ol(d). Thus we have shown that Theorem 5.1 holds 
for it =" 2. The first part of the proof can be used to show the 
theorem must therefore hold for it = 3,4,... . So Theorem 5.1 
holds for all it ,2 by induction. A simple corollary is that 
pn (X) has precisely n real zeros. 
The proof of Theorem 5.1 relies on the assumption that ji is 
non-zero, i. e. the roller moments of inertia are finite. In 
138 
practice, we would like to consider certain components, such as 
nips, as effectively rollers with infinite inertia, (i. e. the 
peripheral speed is constant). In this situation the coefficient 
matrix can be subdivided into two: a before-nip matrix and an 
after-nip matrix. Then the theorem above can be applied to each 
sub-system independently. A consequence is that in each sub-system 
all the eigenvalues will be distinct. However it is possible for 
the same eigenvalue to arise in both sub-systems. 
We use Theorem 5.1 to determine the signs of the eigenvector 
components. From the nth component of the vector equation 
A" we get 
L 
nJn+len+l (aý + (jn+Jn+l)Qn)ýn Jn£nýn-1 
From the similarities between [5.2.488 and [5.2.41] we can 
derive the general formula 
j. (-1)1 An(a)ei 
ýn+l 
n 
iýl 
Ri ýi+1 
Theorem 5.1 has been proved [23] for various particular' 
tridiagonal matrices. Here we have extended the proof to the 
situation where the main diagonal terms are all negative, and all 
the terms on the other two diagonals are positive. 
C5.2.48 
5.2.49] 
Theorem 5.2. 
If we consider the components of as a sequence, then the 
components change sign (j-1) times through the sequence from 1 to N. 
It is simplest to prove Theorem 5.2 graphically. We shall 
show that Theorem 5.2 holds for N=4, by invoking Theorem 5.1. 
The statement of Theorem 5.1 is given graphically in Figure 5.1. 
-x 
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-x 
41 
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0 
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-x -x 4 
Fig. 5.1. 
Number Line 
To confirm Theorem 5.2 we use equation 
55.2.49J. We have shown 
that An(0) has sign (-1)n, so (-1)n An(0) is positive. To find 
the signs of ýn+1 j=1, N-1 we require the signs of 
----ý- 
ý' 1 
(-1)nAn(,, 
Nj) 
For j=1, from Theorem 
so (-1)'An(A) is the same 
_1 
5.1, we know that -ai < -Xi, n=1, N-1 
sign as (-1)nAn(0), positive. So all 
the components of the eigenvectors for 
the same sign. 
XX 
the first eigenvalue have 
For j=2, we have three possibilities 
(shown in Fig. 5.2). 
to consider when N=4 
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(i) -a4 > -ai > -ai > -ai 
-x 1 1 
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Assume that ý1 is positive. 
If case (i) holds then 
, 
(-1)1 A1(X2) will be negative as -a2 > -X1 
(-1)2 ý2(a2) 
(-1) 3 a3(X 
4) 
negative 
negative 
So eigenvector components will have signs +--- 
Similarly, for case (ii) signs are ++-- 
(iii) +++ 
So in all three cases the eigenvector component changes sign only 
once. 
For j=3, we again have three cases: 
4< 
-ai (i) -a3 
_1 
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-x 
XX 
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-71 l3 
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Fig. 5.3. 
Clearly for j=4, we can see in a similar way that the component 
signs are +-+ 
Hence we have shown Theorem 5.2 to be satisfied for N=4. 
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Since Theorem 5.1 is satisfied for all N, Theorem 5.2 is also 
satisfied for all N. 
These results have all been derived for an open system. We 
are interested in finding out how far they can be-applied to a 
closed system. First of all, with a closed system, we have the 
problem of defining a beginning/end point of the system. Without 
this, the concept of eigenvector component sequence is meaningless. 
We can see that the matrix for a closed system is closest in 
form to that of the open system if the closed system has a component 
with a large moment of inertia. If we have this situation, and we 
consider this component to be the beginning/end point of the system, 
then the two matrix values which differentiate the closed system 
from the open system, ß1j1 and kNjl, will be comparatively small. 
So in these circumstances, we might expect the same eigenvector 
relations to hold. 
Various closed systems of this form have been investigated by 
computing the eigenvalues and the corresponding eigenvectors. It 
was found that if two eigenvalues were closely similar in value, 
the relation would sometimes break down, with the eigenvector with 
the larger number of sign changes corresponding to the eigenvalue 
with the smaller absolute value. However, in general, when the 
eigenvalues were reasonably distinct, the relation derived for the 
open system was satisfied. It is difficult to quantify how distinct 
the eigenvalues have to be, but the relation was found to hold for 
all but very special systems. 
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5 Effect of Automatic Tension Control Systems. 
When modelling machines where the tension variations are a 
major factor, it is clearly important to include effects of any 
tension control devices incorporated in the machine. These usually 
take the form of spring-loaded rollers, sometimes connected to a 
sensing system which applies feedback brake pressure to an earlier 
part of the system. Since the natural frequency of oscillation is 
usually much lower than the eigenfrequencies of the system, we are 
primarily interested in the dynamic effect of the roller movement 
on the tension. 
P 
q 
ýýi 
T 
q-1 
T 
q 
Damping constant Sq 
Spring Constant Pq 
Mass of Roller M 
q 
Moment of Inertia J 
q 
Radius R 
q 
Vertical displacement y q 
Fig. 5.4. Diagram of Spring-Loaded Roller n=q. 
Equations governing spring-loaded rollers have been developed 
before by D. King [11] and are given in Chapter 2.2.4. The 
equations derived by considering the amount of material in spans 
q-1, q are modified as follows: 
dr 1= -k [Vq_2_ )- ýq-1+ 
sin(aq/2) Lq-1 
T 
q-1- 
T 
q-2 
(t-R 
q-1 a q-1/U)) 
E5 
. 2.50 
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T 
Tg-1(t-Rgag/U)) 
ddt 
L(Vq-1 
Vg + 
sin(a 2) 
, 
Lq 
gqq 
The dynamic equation for the vertical motion of the roller gives 
Mgyq+ Sgyq+ Pg yg yeq) = (Tq_1+ Tq)Sin(aq/2) 
5.2.51 
5.2.523 
For reasons given above, we assume Pq « Mgw2, where w is a 
typical frequency of tension oscillation in the machine. These 
equations are derived assuming the material to be ideally elastic. 
For the visco-elastic case, the equations would be similar. Using 
these equations,. we assume the tension to be oscillatory with 
angular frequency w, and derive modified forms of equations 
[5.1.11, 
[5.1.2] for n=q-l, q. If we assume that the damping is not much 
greater than critical damping we have also Sqw « qw2: 
kRq-1 
_ 
kRq 
_k Aq-1 
{L_iw 
qJg-1w Jgw Mgw 
kR2 
Aq-2 ý-1 + Usin(Rq_laq_1w/U) 
q-1 
kR2 kR2 
qk1 Bq-1 
(Lg-1w 
J lw JwM wJ q- qq 
Sk 
+ qq B- UB Cos (R a U/w) = zC 
l 
? 
w2 q q-2 q-1 q-1 q-1 q 
ý+ 
kR2 
B iý--1 
q-2 Jg-1w 
+ Usin(R 
q-1 
a 
q-1 
w/U) 
R2 
+gwfq Jg- 
Mql 
1 
+ 
Sk 
B1 
(U 
+ 2w2 
q-1 r 
q 
R2 
Bk 
rs_ 1l 
qw lJq Mq 
+ 
Sk lu 
+)2) Aq-1 
w q 
Sqk 
A+UA cos (R a w/U) = zs 
M2w2q q-2 q-1 q-1 q-1 
q 
IL P2 ku2 '_"q-1 
_ 
-"q 
_k 
.ý 
C5 
. 2.53 
C5.2.54 
kR2 kR2 kR2 
A [Lw-Ta- 
qý+1 qqw 
Jq+lw Mgw g+l Jg+lw 
R2 l 
+ Ag-lfw 
ýJg 
m)+ 
Usin(Rgagw/U)1 
qq 
fSkSk + U+ 22 Bq - Bq-1 Ucos(Rgagw/U) -22 Mgw 
gw 
kR2 kR2 kR2 
ý_ý+1 
_ 
ý+1 B Lgw 
k 
-T 
!wJwMw+B 
q q+1 Jw q q+1 q q±1 
R2 k_1 
+ Bq-1 
w Jý M 
qq 
+ Usin(RgaQW/U)J 
Sk ( Skl 
2I U+M 
ý2 
qA+ 
Aq-1lUcos(Rgagw/U) -M2q 
l w1 qq 
= 
C 
2 
q 
S 
2 
q 
C5.2.551 
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Clearly the terms involving Mq will affect the main coefficient 
matrix A' (and hence the reduced matrix A") while the S terms will 
--q 
contribute to the damping matrix B. 
A" is modified by subtracting a term from four elements 
ruff = 
#x, 
It 
aq-l, q-1 
aq-1, 
q-1 
mgRq-1 
all 
ä" 
-mß q'1, q q-1, q q q-1 
ä" 
=ä it - 9, q-1 q, q-1 mqRq 
ä" 
= 
ä" 
-mß q, q q, q qq 
... 1..,. ýn +n v wqM 
R2 
qq 
And B is modified as well ý 
bb=R (1 +S k/M2Rw3) 2q-3,2g-2 2q-2,2g-3 q-1 qq 
FV ti 23 b2q-3,2q b2q-2,2q-1 -t q-1 
Sgk/MgRw 
ru FU b 2q-1,2q-2 b2q, 2q-3 
b2q-1,2g b2q, 2q-1 
We find that all the results proved in the previous sections 
for N', B will also hold for these modified matrices. For the 
modified matrices we find in particular that, modifying 
[5.2.27) 
, 
[5.2.29) we get 
k 
SE'V = SE'V +_g3 
(ß, J_1 + ýj 
2 
M lq q Rw 
q 
Similarly, for the modified A" we find that 
J 
s 
_ -ßg(cos(Rgaq/R) - Sgk/MgRw3) 
= ßq(1 + Sqk/ 
2Rw3). 
q 
ax. LS(ýg-i + ýgý2 
am 
q 
N :n 
E Ll (ýi i=1 )` 
and the modified functional form for A. is 
_. ý- 
C5.2.57 
[5.2.58) 
Výi_1)2 +ý ýýGi + ý', )2l 
4Q q' J 
ý, __ 
i=1 
Nc 5.2.593 
LiOl)2 i=1 
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Theorem 5.1 will only hold if mq < jq If mq > jq then the off 
diagonal elements 
aq_1ýq 
and 
a 
q_1 will 
be negative. The special q 
case mq = jq is particularly interesting and is considered later 
in detail. In this case the matrix A" splits into two halves, 
and each half is of the right form to satisfy the theorem. 
5.3 APPLICATION OF EIGENVALUE AND EIGENVECTOR RESULTS. 
5.3.1 Evaluation of Earlier Models. 
The work we have developed in the previous part of this 
chapter can now be used to give some insight into the results of 
various models. First of all, we are now in a position to evaluate 
the accuracy and usefulness of earlier linearised models developed 
C8D 
assumes that the tension only changes appreciably about the 
impression cylinders. If we consider a section of a multi-colour 
press, as depicted in Fig. 5.5, they are assuming Tl = T2 = T3. 
For this to be a reasonable assumption implies that the dominant 
by other workers. 
1) The CRI model. 
The model developed at the Gravure Research Institute 
T 
T1 2 T3 
0 
Fie. 5.5- y___ 
VO 
ý 
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i 
effect on the tension is due to an eigenvalue of the system for 
which the eigenvector components are approximately 
eigenvalue by Theorem 5.2 can only be the smallest 
put ý'i *0' 
equal. This 
one. If we 
0 constant 
into [5.2.32) then we get an estimate 
L(J1 + JN+1 
NC 
iCl 
L. 
E5.3.1D 
If the jl, jN+l are very small (i. e. the moments of inertia of 
the nips are much larger than those of the free rollers in 
between) then this is clearly a good approximation. So we would 
expect this model to give good results as long as the oscillations 
have reasonably low frequency. In particular we require angular 
frequency w« Rs JSL5 where R8, J5 are typical radius, moment 
of inertia of the free rollers and Ls a typical system length, 
and k is either the elastic modulus or the visco-elastic dynamic 
modulus. 
2) The IFRA project models. 
The second major mathematical study was carried out by the 
IFRA. [10,1I. In particular, two models were derived for comparison 
with results from runs on a Hoe-Crabtree press at the Cambridge 
Evening News. The simpler model again assumes that the tension 
is the same in all the spans. Here however we also have a 
spring-loaded roller so if we put ý1 = *o in 
[5.2.55) we get 
L 
al =-Ns (jl + jN+l + 4mq) 
I1L. 
i= 
C5 
. 3.2D 
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For this to be a reasonable approximation we require 
Ulq " ji i=2 to N. Then again this approximate 
model will approach the more complicated model (where all the 
free rollers are considered) for low frequencies of oscillation. 
In particular we require mq « jq. If, for example, the spring- 
loaded roller is a solid roller, then Jq =1 Mq Rq so mq =2. jq* 
However, at low frequencies, we must replace Mq in the equations 
by Mq - Pq/w2 where Pq is the spring constant. So at low 
frequencies (w « wo where wo is the natural frequency of vibration 
of the spring-loaded roller) mq = (M - Pq/W2)) will be small 
and negative and now the simplified model can be used. From 
observation of the theoretical tension oscillations given in the 
IFRA project report, it would appear that this was the case for 
the experiments carried out on the Hoe-Crabtree press. 
For the more complicated linearised model which was derived, 
point contact between rollers and material was assumed. The 
difference between the assumption of point contact and regional 
adhesion will only marginally affect the eigenvalues as the main 
coefficient matrix A is not affected. The important change is 
that to the stability matrix B. If we assume point contact (i. e. 
ai = 0) then we get, from 5.2.23, [5.2.25) 
Sö 
v= 
i= 
N 
ý1(1 + L. tan/R)()2 
N 
o 
S= 1- 
1=1 
C5 
. 3.3 
C5.3.43 
J. -) 1 
In particular for the first resonance, when all have the same 
sign SE < SE, SV < SV. This change can be quite marked, giving 
rise to an oscillation amplitude at resonance about 5 to 10 times 
as large. This approximation would only be valid when Riai/R is 
small. This would happen when R is comparatively large, such 
as for a paper roll near the start of its run. However, we would 
expect resonance problems to arise when the roll radius is small, 
near the end of its run, as the rotational frequency will be 
commensurately large. 
3) Concurrence of non-linear and linearized models. 
We can also use the results to estimate the accuracy of the 
linearised model itself compared to the full non-linear model. 
If we discount complete loss of adhesion, for the non-linear 
model we replace Ln by Leff and an by a changing effective adhesion 
region ßn - Yn. From [2.4.14] 
ß 
Leff =L+R 
ITn - TnI 
+ 
n+1 ITYn+1 - TnI 
nn 1"n Tn un+l Tn 
C5.3.53 
5.3.5, becomes 
Le 
n 
ff 
= Ln +R un 
lexp ± ian 
n)uri n 
n+1 
+ 
un+l 
Iexp ± un+lYn+1_ 11 
[5.3.63 
Now ßn varies between 0 and an and yn+l varies between 0 and an+l 
(at the very most). A reasonable estimate of the maximum possible 
average value to take for Leff is 
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nff ý Ln + (nan + n+lan+1ýý2 
since, when v is small, we can use the approximation 
exp(v) '=' 1+v. 
Since Leff > Ln, the eigenfrequencies for the non-linear model 
C5.3.7] 
will be less than those for the linearised model. 
Using 5.2.35] we can see that the maximum possible deviation 
will be of the order of 
AJ1ý =-X. -- NC 
G Li(Výl)2 
i=1 
This is a formal representation of the requirement for the 
C5.3.8 
linearised model to be accurate, namely that RS « Ls (since ai ti 1). 
In a similar way, we can see that, since the area of adhesion 
decreases cos(Ryi)/R) in general is greater than cos(Riai/R), 
so SE, SV are. affected. In fact, for the first resonances SE, SV 
tend to decrease, so the amplitudes at resonance tend to increase. 
This feature is found in the numerical solution of a simple system 
shown in Fig. 3.2. 
5.3.2 Evaluation of Dynamic Performance of Tension Control Devices. 
There are a wide range of tension control devices marketed, 
most being of the spring-loaded roller type. We have shown how 
such devices can be incorporated into the models. The relevant 
expressions are given in 
[5.2.57] to [5.2.59]. 
The effect of the damping in the vertical movement of the 
N 
2(Riai + Ri+1ai+1M 
i)2 
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roller on the tension oscillation damping is shown in 5.2.53]. 
Clearly the effect will tend to decrease as. the angular frequency 
of oscillation w increases. In practical systems which have 
been studied, it appears to have only a moderate effect as long 
as w» wo, where wo is the natural frequency of oscillation of 
the roller. 
The important parameter when considering the effect of such 
rollers on dynamic tension behaviour is the roller's radius of 
gyration compared to the radius about which the material passes. 
This can be represented by the factor mq/jq = Jq/MgRq. If this 
factor is small, then the effect of the roller movement will also 
be slight. The most important case is when mq = jq as this 
separates the main coefficient matrix A into two distinct parts. 
This fact has been taken into consideration in the design 
of the "inertia compensated" dancing roller described by J. R. Martin 
[243. For this there is no spring loading and the damping is 
deliberately kept to a minimum. The object of using this roller 
is to prevent any disturbance arising in the machine before the 
roller being transmitted into the system beyond it. The maximum 
amount of "decoupling" occurs when mq = jq. However, at no stage 
will the "decoupling" be complete and so some disturbance (usually 
small) will be transmitted. Particularly large oscillations may 
occur after the roller if the machine is operating such that both 
systems before and after the roller are near resonance. To 
illustrate this, we consider a simple system with two sets of 
parameters. 
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"Inertia Compensated" Dancer Roll ("Roller 2") 
Material Roll 
("Roller 1") 
Nip 
("Roller 3") 
We assume the material to be ideally elastic with modulus k. In 
both cases we assume the nip to be a roller of infinitely large 
moment of inertia. We assume that L1 = L2 = bORI = 30R2 where 
Rl, R2 are the radii of the Material Roll and the Dancer Roll 
respectively. The material roll is dynamically out of balance, 
and this is the only source of disturbance.. The angle of wrap. 
over the dancer roll is 1800. In the first case (system A) we 
assume Jl/R 
2= 
10J2/R 
22 
and in the second case (system B) 
J1/R1 = J2/R2. We can find the oscillation amplitudes as a 
2J2 
function of W= w2 . Graphs of amplitudes against W are given 
kR2 
in Figs. 5.7,5.8. Also given are the amplitudes if we assume the 
dancer roll to be fixed in position. 
The values of W for which resonance occurs are shown in 
Table 5.1. 
Dancer Roller Operating 
Tension 
Amplitudes 
Span 1 
Span 2 
0 
Dancer Roller Held Fixed 
r 
1. 
System A. 
2 
W 
Figure 5.7. 
---0- Dancer Roller Operating 
Dancer Roller Held Fixed 
Tension 
Amplitudes 
Span 1 
; pan 2 
System B. 
3 
Figure 5.8. 
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TABLE 5.1. 
rest . rest 
system A dancing roll fixed 0.05 2.05 
dancing roll operating 2.0 2.1 
system B dancing roll fixed 0.38 2.62 
dancing roll operating 2.0 3.0 
There are two important features to note: 
(1) The action of the dancing roll increases the first resonance 
frequency a great deal. In particular the amplitudes for span 2 
in these cases are reduced by at least 90% for W<1. We have 
seen in [5.3.11 that if jl, jN+1 are small (here for system A 
j1= 0.1 jN+1 = 0) then for an uncontrolled open system the 
estimated value of W at the first resonance is approximately 
Ls(j1+ jN+l)/I Li. Here for system A this expression equals 0.05; 
for system B it is0.53. When the dancing roll is operating, the 
system splits, so that for each half one of j start, 
jend is not 
small. 
(2) For system A, we have two resonances nearly coincident when 
the dancing roll operates. This happens because the roll splits 
the system into two nearly-equal halves. As a result, the amplitudes 
about W=2 are significantly larger in both spans than when the 
roll is kept fixed, even though the system is still near a resonance 
feature. So the inertia-compensated dancing roll will not necessarily 
damp out oscillations, but may in some circumstances enhance them. 
The importance of the first feature more than outweighs the 
drawbacks shown by the second part, particularly for comparatively 
low speeds. If we consider a disturbance created at the start 
of the system, then, when the dancer roll is operating, the 
tension undergoes three distinct phases. 1) Amplification in 
system before dancer roll. 2) Transmission of tension oscillation 
. past 
dancer roll. 3) Amplification in system after dancer roll. 
The amplification of the oscillation in the system at 
resonance is, from [5.2.26] proportional to Ls/RWS where S is a 
stability constant depending on the resonance. From examining 
the equations for the oscillation amplitudes after the dancer 
roll in terms-of those before, we find that the transmission 
coefficient is proportional to RW/Ls (not zero as the manufacturers 
claim). So we would only expect a significant amplification of 
the tension after the dancer roll, if both the sub-systems are 
near resonance (as is the case shown for system A. ) There will 
be a wider range of running speeds where the tension oscillations 
before the dancer roll are increased by its, use. 
5.3.3 Use of Results for Machine Design. 
We have found that the amount of control of tension oscillations 
is limited, even in the case such as the inertia-compensated dancer 
roll, where the response time is short. So to keep the tension 
variations within acceptable bounds, we have to design the arrangement 
of machine components, taking into account the material being 
processed, and the machine speed, for optimum operational performance. 
The most important sources of oscillatory disturbance are 
material rolls. In machines such as printing presses these will 
be at the beginning delivering material into the system. In other 
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machines, where for example material is being formed there are 
rolls at the end collecting the material as it, comes out of the 
system. A third type, such as slitting or rewinding machines, 
have material rolls both at the start and end of the machines. 
A secondary source could be the machine components. At manufacture, 
the components can be centred and dynamically balanced. However, 
after a certain period of use distortion of the components may 
occur, due to general wear and tear. 
In most machines, there will be in general large moment of 
inertia components at the beginning and end of the 'system. For 
example for printing presses these would be the paper roll and 
the printing nip. In these situations, the use of the dancer 
roll has been shown to be advantageous, in increasing the values 
of the first resonance frequencies. Another way of increasing 
the resonant frequencies is to reduce the span lengths or the 
factor J/R2 of the rollers. A particular feature would be to 
reduce the length of the first span. Since we are considering 
disturbances due to the material roll, the tension oscillations 
at resonance will be proportional to the first component of the 
corresponding eigenvectors (by [5.2.26J). So we would expect the 
prominent (and hence dangerous) resonances to have a significantly 
sized first component. By [5.2.35 the resonance frequency dependence 
on the span length is also dependent on the first component. So 
reducing the first span length should increase most the resonant 
frequencies which will be most prominent. 
As the machine run proceeds, the radius of the material roll 
will decrease and so, if the machine speed remains constant, the 
angular frequency will increase. It is quite possible that the 
frequency will meet a machine resonance when the roll radius is 
small, unless either the machine speed is lowered or the machine 
is run throughout at a much lower speed. We have an alternative 
way of coping with this by trying to, make any encounter with such 
a resonance as least damaging as possible. This involves designing 
the machine so that the roller angles of wrap are so arranged that 
the stability expression is reasonably large. It is really only 
necessary to make sure that S"1 as Smax ` 2. However Smin can 
be very small ti 0.1 for the first resonance. The reason one 
cannot maximise S is the variation of the material roll radius. 
The value of S depends on the values of Riai/R, where Ri is the 
th fixed radius of i roller, and R is in this case the radius of 
the material roll. So Riai/R varies according to the roll radius 
at resonance, which will be determined by the machine speed U. 
The required size of S is restrictive if we consider the first 
system resonance. Since the eigenvector components are all the 
. 
same sign, S<1 as long as Riai/R < n/2. Since ai cannot in 
general be much more than 71 (and certainly no more than 2w) this 
puts minimum restrictions on the value of Ri/R. However, since 
R is variable, we should consider RS/Ls rather than S and this 
may increase with increasing R, although S decreases. The size 
of the radius at resonance will be determined by the machine speed, 
and this could be restricted for these reasons. 
These guidelines are very general, and in practice other 
considerations must be taken into account in machine design. A 
more practical approach would be to make a preliminary design and 
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then use these facilities to improve the machine's running 
performance. The usefulness of the inertia-compensated dancer 
roll depends on the type of machine. It certainly'appears 
advantageous where it is required to isolate a section of the 
machine from disturbances. This would be the case in multi-colour 
presses for example, where good register control is essential. 
In more general types of machine, one is concerned with reducing 
tension variations throughout the machine. The use of the dancer 
roll will usually enhance oscillations in the machine before it 
under certain running conditions. However, it will in general 
increase the lower eigenvalues considerably, and so will still 
be useful. The eigenvalues, especially the lower ones, are not 
particularly sensitive to changes in particular machine parameters, 
and this approach will not lead to large improvements. Since the 
angles of wrap only slightly affect the eigenfrequencies (as long 
as Rs « Ls) their sizes can be determined to a certain extent 1,7 
once the other machine parameters have been fixed. 
A final factor that must be taken into account is the type of 
material being used. The machine speed at which resonance occurs 
is proportional to k, where k is the tensile "stiffness"-of the 
material. So there will be a simple scaling of usable machine 
speeds for any particular material. 
Using these facilities should enable machines to be developed 
with less troublesome high-frequency tension oscillations. As a 
result, it should be possible to run the machines at higher speeds 
with less likelihood of material impairment or breakage. 
CHAPTER 6 
EXPERIMENTAL EVALUATION OF MATHEMATICAL MODELS 
ON A TEST RIG 
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6.1 INTRODUCTION. 
In the previous chapters, mathematical models have been 
formulated to describe the tension behaviour of machines handling 
thin material. It is of primary importance to determine how 
accurate these models are in practice. In anticipation of this 
investigation, a test rig was constructed, which will be described 
in more detail in the next section. Here, it is sufficient to 
state that it consists essentially of a series of rollers threaded 
by a closed loop of material. The closed loop system is particularly 
useful, as it follows that the system parameters are time independent, 
and hence that any experimental set-up can be repeated. 
6.2 DETERMINATION OF MACHINE PARAMETERS. I 
6.2.1 Description of Test Rig. 
The test rig comprises several parts, each of which is described 
in turn. 
The main frame was constructed, for rigidity, of rolled hollow 
section steel bars. The section used was 50.8 mm by 50.8 mm by 2.54 mm 
(2 x2x0.1 in) wall thickness. The bars were cut and machined to 
the designed lengths, and then welded together to form the basic 
structure of the frame. An outline of the frame is given in Fig. 6.1. 
The frame was designed to allow maximum freedom of position of the 
machine components. 
The other components are mounted on the rig support frame. 
These are: 
1) Drive Roller. This is driven by a variable speed d. c. motor. 
The roller has been dynamically balanced. 
Guide roller unit 
-": C{=ý :ý 
Web 
qC- ý3 
r-ý .;!.. _ý ý 
Swinging roll guide unit 
>ý 
I 
Main-drive unit 
ýý, ý--ý. ý, 
ý _ý}_ cý., ^ 
.. `'-ytr ý 1 . t- 
ý 
Test Rig. 
Figure 6.1. 
2) Several (up to $) rollers which are driven only by the passage 
of the material over them. They have not been dynamically balanced. 
Since they have almost exactly the same radius, it is the rotational 
frequency of these rollers which will be used to investigate the 
machine behaviour. 
3) A web-guide mechanism. This is used to correct lateral wander 
of the material. The mechanism, manufactured by Mount Hope Machinery 
Ltd., consists of two rollers mounted on a rigid assembly. This 
assembly is pivoted about a point on the rig frame and is rotated 
hydraulically to correct the wander. The control for this mechanism 
consists of an air pressure sensor mounted across the edge of the 
material on the span after the assembly. This mechanism is designed 
to operate for web speeds up to 9.1 m s-1 (30 ft s-1) and in general 
limited the speed at which the test rig could be run. The assembly 
rollers have the same radius as the driven rollers. 
4) A tension measuring pad. This measures the dynamic tension at 
the centre of the span on which it is situated. The pad under-surface 
forms an arc of a cylinder of radius 258.5 mm and is 112 mm wide. 
It is positioned on the span so that the material has an angle of 
wrap round it of about 250. The construction and operation of this 
measuring device is described in Section 6.3. 
As well as the machine components we must also consider the 
material running through the system. For the major part of the 
investigation, various types of Melinex were used. This is a 
biaxially drawn film of polyethylene terephthalate and is produced 
in several different forms. One of the Melinex films was used 
at two different widths, and these must be considered separately. 
At the end of the investigation, a sample of commercially available 
high density polyethylene was tested. The materials used are 
listed below. 
(a) Melinex type 0 100um thick, 254 mm wide. 
(b) Melinex type 0 100um thick, 102 mm wide. 
(c) Melinex type S 125um thick, 102 mm wide. 
(d) HDPE 105pm thick, 381 mm wide. 
The material that was used when comparing the various configurations 
of rollers introduced into the system was the S Melinex. This was 
found to be the most durable, and hence the most convenient material, 
available. 
6.2.2 Determination of Rig and Material Parameters. 
The values of the quantities required for implementation of 
the mathematical models are given in Tables 6.1-6.7. Here we give 
a description, where necessary, of how these values were determined. 
The span lengths were measured directly. The radii of the 
rollers were determined from the drawings for their machining, and 
checked by direct measurement. From the relative positions of the 
rollers, their radii and the span lengths between them, the angles 
of wrap were determined, where necessary, by trigonometry. 
The roller moments of inertia were determined more indirectly. 
From the drawings, it is possible to calculate the moment of inertia. 
In the same way, the roller mass was calculated. The mass was also 
measured directly, and agreement between this and the calculated 
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mass was found in most cases. However, one of the driven rollers 
(shown in the table as roller A) was found to have an anomalously 
high mass, so it was not constructed according to the drawings. 
The moment of inertia of this roller was calculated more approximately 
by assuming a construction which could give rise to this mass. The 
mass calculated from the drawings of the Mount Hope swinging guide 
rollers was a considerable under-estimate of their actual mass. 
From consideration of the density of the material used in their 
manufacture, it was found that they must be solid, and not tubular. 
Their moments of inertia were calculated on that assumption. 
To satisfy the requirements of the model, it was only necessary 
to show that the values of static and viscous friction at the rollers 
were reasonably small. The static friction will only affect the 
mean values of tension in the different spans, and will not directly 
affect the dynamic behaviour. We know that the viscous friction 
coefficient G, can be neglected if G/J « U/L at the resonances. 
The values of static friction were measured by finding the 
maximum excess mass which could be suspended from one edge of the 
roller without roller movement. It was found that'the static 
friction couple of roller A was 0.063Nm, and of roller B was 0.12Nm 
For the other rollers the static friction couple was found to be 
less than 0.006Nm. 
It would be quite a complicated procedure to measure the viscous 
friction coefficient directly. However we can estimate the average 
value by measuring the mean tension as the machine 
From [2.2.1J we can see that 
R2 RFGU 
n (Tn(U) - Tn-1(U)) -J 
n- 
=0 Jn 
TI 
JJ 
nn 
speed is changed. 
[6.2.1 
We can also say, from conservation of amount of material in the 
system, that, since the extensions are small 
N_N 
G L. T. (U) =GL. T (0) . i=1 11 i=1 ii 
C6.2. fl 
From [6.2.1D and [6.2.2D, as the machine speed U increases, the 
mean tensions at the beginning of the system will decrease and will 
increase at the end of the system. From measuring the mean tensions 
as close to the beginning and the end of the system as possible, we 
can estimate, from the difference between them, the average viscous 
friction coefficient. The value of was found to be about 10 
3Nms. 
If we use this value and work out the average value of GnLn/(UJn) 
for U at the first resonance, this is found to be about 0.1. The 
linear model was evaluated assuming viscous friction components of 
this size. In all cases, the effect on the predictions was negligible 
(< 1% of peak amplitudes). For this reason, we consider, for the 
purposes of the model that the effect of the viscous friction 
coefficient is negligible. 
The eccentricities of the rollers were measured relative to 
their axle housings, the whole being considered as a unit. The 
roller was placed on a flat, level surface. Using an indicator 
while the roller was rotated through 360 degrees, the amount of 
eccentricity at each end was measured. The axle housings were 
then changed over and the procedure repeated. The arrangement 
with the lower value of average eccentricity (the figure in the 
table) was then adopted. 
As all the materials being investigated showed visco-elastic 
tensile properties, it was necessary to determine the dynamic 
moduli. This work was carried out on a Rheo-Vibron machine by 
J. P. Berry [25-27,. This machine gives a dynamic modulus and loss 
factor for four standard frequencies (210,660,2100,6600 rev. min-')- 
as a function of temperature. The materials were measured at 
210 rev min-' and 6600 rev min 
1 
and in general were found to 
vary little over this range near room temperature. The figures 
quoted are for a temperature of 15°C. For the high density 
polyethylene the difference was quite large and a further measurement 
was made at 660 rev min-'. The uncertainty in the values, which 
arise largely from the preparation of the sample, was estimated 
at ± 10% in E*. 
Some experiments were carried out using S Melinex to study 
the relation between the oscillations near resonance and the mean 
tension. To use the general non-linear model, which this work 
is to test, we need a value of the coefficient of friction between 
the material and the surface of the roller. The method of measuring 
this is similar to the method used for measuring the static friction 
of the roller bearings. Here we drape the material over the roller 
and attach masses ML to each end. The right hand mass is then 
increased until we reach a critical mass MR when the material starts 
to slip over the roller. MC is a constant mass and includes the 
mass of the material and the attachment for the masses. The 
arrangement is shown in Fig. 6.2. 
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ML + Mc 
Fig. 6.2. 
MR+MC 
The angle of wrap over the roller is 180 degrees or i radians. 
So, by the definition of the coefficient of friction we have 
(ML + MC)g eXP(uir) = (MR + MC) 
from which we get 
u= loge ( (14R + Mc )/(ML + Mc) ) /,, 
The masses MC, ML, MR used are given in Table 6.7 together 
with the derived values for u. The tensions used on the test rig 
were at least 20N. For this reason we took the coefficient of 
friction to be 0.4. 
C6 
. 2.3 
C6 
. 2.4D 
TABLE 6.1. 
Roller Parameters 
Roller Radius Mass Moment of Inertia Eccentricity 
-3 2 mm kg 10 kgm um 
Drive 68.8 19.950 19.9 
Guide 1.30.3 13.182 5.35 13 
Guide 2.30.3 13.182 5.35 13 
A 30.4 4.355 2.35 44 
B 30.1 3.099 1.67 13 
C 30.1 3.219 1.74 22 
D 30.1 3.224 1.74 10 
E 
F 
30.3 3.159 1.71 16 
29.7 3.012 1.63 7 
30.1 3.085 1.66 29 
TABLE 6.2. 
Dynamic Tensile Properties of Web Materials at 15°C. 
1) Melinex Type 0 100um thick. 
f E*. 
rev min 
1 
109Nm 2 
210 3.3 
6600 3.4 
2) Melinex Type S 125pm thick. 
f E* 
rev min 
1 109Nm 2 
210 5.1 
6600 5.7 
3) High Density Polyethylene 105pm thick. 
I E* 
rev min 
1 
10 9Nm 2 
tans 
0.034 
0.049 
tanS 
0.007 
0.018 
tans 
210 0.77 0.032 
660 0.87 0.021 
6600 1.21 0.041 
TABLE 6.3. 
Parameters of System I. 
i Length of span i 
1 
2 
3 
4 
5 
6 
8 
m 
0.133 
0.692 
0.273 
0.410 
Name of Roller i Angle of Wrap over Roller i 
degrees 
Drive 180 
E 90 
Guide 1 103 
Guide 2 103 
0.931 F 154 
0.777 A 40 
0.759 B 115 
0.133 D 169 
TABLE 6.4. 
Parameters of System 2. 
i Length of span i 
m 
1 0.133 
2 0.692 
3 0.273 
4 0.410 
Name of Roller i Angle of Wrap over Roller i 
degrees 
Drive 180 
E 90 
Guide 1 103 
Guide 2 103 
5 0.880 F 90 
6 0.835 G 90 
7 0.453 C 90 
8 0.717 A 88 
9 0.759 B 115 
10 0.133 D 169 
TABLE 6.5. 
Parameters of System 3. 
i' Length of span i 
1 
2 
3 
4 
5 
6 
7 
8 
9 
m 
0.133 
0.692 
0.273 
0.410 
1.258 
1.054 
0.721 
0.759 
0.133 
Name of Roller i Angle of Wrap over Roller i 
degrees 
Drive 
E 
Guide 1 
Guide 2 
180 
90 
103 
103 
F 97 
G 143 
A 63 
B 115 
D 169 
TABLE 6.6. 
Parameters of System 4. 
i Length of span i 
m 
1 0.133 
2 0.559 
3 0.515 
4 0.578 
5 0.273 
6' 0.410 
7 0.931 
8 0.730 
9 0.759 
10 0.133 
Name of Roller i Angle of Wrap. over Roller i 
degrees 
Drive 180 
E 142 
C 180 
G 
Guide 1 
Guide 2 
128 
103 
103 
F 154 
A 40 
B 115 
D 169 
171 
TABLE 6.7. 
Determination of V for S Melinex. 
Mc=0.082 kg. 
ML 
lt u 
0.500 1.300 0.28 
0.700 2.400 0.37 
0.900 2.900 0.35 
1.000 3.850 0.41 
1.500 4.950 0.37 
6.3 EXPERIMENTAL METHODS. 
6.3.1 Method of Dynamic Measurement of Tension. 
For this work, it is required to make continuous measurements 
of tension while the machinery is running. For this we require 
equipment which will not inhibit the running of the machine and 
which must have a sufficient speed of response to measure the 
tension changes. The measuring device which is used was designed 
using relations derived when considering externally pressurized 
foil bearings. An externally pressurized foil bearing is a bearing 
where the foil is completely supported above the surface of the 
bearing on a cushion of externally supplied gas (usually air). 
llý / Pressurized Air 
from external 
supply. 
Fig. 6.3. 
Schematic Diagram of Pressurized Air Foil Bearing. 
If we assume that the area density (density x thickness) of the 
foil is negligibly low-, then we can derive the following formula 
from considerations of force balance. If T is the tension in the 
foil (or web), p the excess pressure under the foil, and R the 
radius of curvature of the foil, then we have p= T/R. This 
relation is true for a stationary foil except near the edges of 
the bearing where diffusion of air out of the bearing is a 
significant factor. If the foil is moving over the bearing, an 
amount of turbulent air flow is introduced into the bearing by 
the roughness of the foil surface. If there is a region of the 
bearing where this flow does not act, then the relationship will 
still hold (provided the inertial forces in the foil are negligibly 
small). These conditions will hold for speeds of movement V«c, 
the speed of sound of the air in the bearing. For speeds'of 
production machines this is certainly the case. 
on this basis a tension measuring pad was constructed and 
tested by A. A. M. El Sayed [14]. A diagram of the device is given 
in Fig. 6.4. To measure the air pressure in the air bearing formed, 
a miniature pressure transducer was inset a little way into the 
surface of the pad to overcome problems of turbulence. As only 
a small amount of air is involved in the bearing, the arrangement 
fias a short time of response to changes in tension. First of all, 
the relationship T= p/R was verified. Then it was determined 
that for a constant supply pressure, the pad was sufficiently 
accurate over a wide range of tension. Finally, by applying 
sinusoidal variations in tension on a sample web, it was determined 
that the pad was giving accurate measurements up to at least 80 Hz. 
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As the maximum frequency expected on the test rig was about 50 Hz, 
this pad clearly had a sufficient speed of response. 
, 
The instrumentation for the measuring pad consists of the 
following elements: 
1) Air supply with filter and valve. Supply pressure required 
in this case was a maximum of 7 kNm . 
2 
2) Water manometer to check supply pressure. 
3) Miniature transducer permanently fitted into the base of 
the pad. 
4) Amplifier for transducer output. 
5) Medelec (combined oscilloscope-chart recorder) to record 
transducer output. 
6.3.2 Elimination of Secondary Tension Oscillations. 
We have found in Section 6.1 that the driven rollers all 
have a certain amount of eccentricity. This will introduce 
disturbances in tension with a frequency equal to the rollers' 
rotational frequency. Since the driven rollers have essentially 
the same radius, these frequencies will also be approximately 
equal. It would simplify analysis if this were the only oscillatory 
tension disturbance. We could then measure the frequency and 
amplitude direct rather than use some method of Fourier analysis. * 
When the test rig was first run, various supplementary features 
were found. 
1) A sharp dip in the records each time the join in the 
material passed under the measuring pad. This is unavoidable and 
is in fact useful for measuring the machine speed. 
2) An oscillation with a constant frequency of 3000 rev min 
1 
(50 Hz). This was found to emanate from the motor through the 
coupling to the drive roller. Although the coupling greatly reduced 
the amount of vibration, the residue was still sufficient to compare 
with the oscillations we wished to measure. The d. c. motor was 
coupled to the Morse SCR adjustable speed drive system. The drive 
system used mains voltage and included a control unit for stabilising 
the motor speed. For this purpose, the voltage supplied to the 
motor. was a rectified but only partially smoothed waveform, and 
this appeared to be the source of the oscillations. The motor was 
then controlled using a Variac d. c. supply, and the resultant 
oscillations were much reduced. As a control, however, the latter 
was less stable, and the machine speed had to be closely monitored. 
3) An-oscillation with a frequency corresponding to the 
rotational frequency of the drive roller. This was troublesome at 
high machine speeds, when the frequency encountered resonance. It 
was caused by distortion in one of the roller axles, which gave 
rise to eccentricity of the roller. When this was corrected, the 
oscillation virtually disappeared. The first harmonic of this 
oscillation was also detected. Since this frequency is only about 
15% above the driven roller frequency, the oscillation appeared as 
interference just above the driven roller resonant frequency. This 
is probably caused by drive roller ellipticity although measurements 
carried out to determine this were inconclusive suggesting the 
ellipticity, if any, is small (< 10pm). This oscillation was only 
present on proportionally few records and could easily be allowed 
for. 
4) Certain other oscillations appeared on a few records 
and could generally be disregarded. The most common was of a 
frequency of 1300 rev min 
1 
and this will be considered later. 
When the oscillations described in 2) and 3) had been reduced, 
the only prominent oscillation present on most of the records was 
that due to the driven rollers. At system resonance, this feature 
dominated. Away from system resonances, measurement of the 
oscillation aplitudes was complicated by "clutter" on the records 
due both to random tension fluctuations and to noise in the 
recording system. 
6.3.3 Measurement of Machine Speed. 
At first, the machine speed was measured directly by means 
of a tachometer. However, it was discovered that the tachometer 
systematically gave a low reading. 
An alternative method was devised, using the tension recordings. 
The radii of the driven rollers are accurately known, so, if one 
measures the frequency of the tension oscillations due to these 
rollers, the machine speed can be derived. In fact, since the 
important parameter is the oscillation frequency rather than the 
machine speed, we measure this direct from the recordings rather 
than deduce it from the tachometer. Since the recording chart 
speed varied slightly, a standard square wave (usually 10 Hz) was 
recorded on the chart simultaneously. If the oscillation was small, 
and the frequency could not be easily measured, as an alternative 
the time taken for the loop of material to pass round the system 
can be measured. This can be done using the characteristic 'dips' 
177 
in tension when the join passes under the measuring pad. In all 
cases, a combination of these methods was found to give a result 
which was repeatable to better than 1%. 
For all measurements, the tachometer was used to set the 
machine speed. For the early tests. carried out (using the 0 Melinex) 
this is the only speed measurement we have. The recorder chart 
speed was found to be too inconsistent to use the method described 
above without the comparison frequency. So the later tests were 
used to calibrate the tachometer settings. Table 6.8 gives the 
correction required for each tachometer setting. The error quoted 
is twice the standard error of the samples taken at each setting 
and corresponds to the figure of 1% given for the oscillation 
method. The minimum sample size for each setting was six, the 
mean fourteen. The settings are divided into different classes. 
The variation of amount of correction within classes was much less 
than the standard error. For most frequencies the proportional 
error is about 3%. 
TABLE 6.8. 
Calibration of Tachometer 
Tachometer Setting Correction for True Reading Measurement Error. 
100 + 350 rev min 
1+5± 10 
400 } 550 rev min 
1+ 10 ± 20 
600 + 650 rev min 
1+ 15 
700 + 1150 rev min-' + 20 
1200 - 2800 rev min-' + 50 
± 25 
± 25 
± 50 
6.4 RESULTS. 
6.4.1 Scheme of Work. 
The method we adopted was to use the disturbance in tension 
resulting from the eccentric driven rollers to investigate the 
test rig response as a function of the disturbing frequency. At 
each frequency, we measured the averaged maximum amplitude of the 
oscillations. The amplitudes were found to vary slowly but 
significantly over a time of several hundred oscillations. This 
arises because the driven rollers do not have exactly the same 
radius, but vary over a range from 29.7 to 30.4 mm. So we measure 
the average amplitude over a few oscillations about the maximum 
(this is to guard against taking an abnormally high single amplitude 
as a representative value). This procedure was repeated at least 
once for each frequency. 
The work separates into three distinct sections: 
1) To determine how the resonant frequencies vary as a 
function of the dynamic "stiffness". 
2) To determine how the resonant frequencies were changed 
by changing the configuration of the rollers. 
3) To determine how the amplitudes near resonance varied as 
the applied mean tension was changed. 
v 
6.4.2 Variation of Resonant Frequencies with Dynamic "Stiffness". 
All the results in this section were obtained using the 
configuration of rollers shown in Fig. 6.5 and which we call 
system 1. Materials with four different dynamic "stiffnesses" 
were used. For each material, measurements of the oscillations 
were determined for at least two different spans. This is because 
the resonant features are not prominent on all the spans. 
Since, for the test rig, we have Rs « Ls, we do not expect 
the resonant frequencies to depend strongly on the mean tension. 
Here we are primarily interested in the resonant frequencies, so 
it was only necessary to have a sufficiently high mean tension for 
the resonant features to show prominently. As far as possible, 
the range of the rotational frequency was from 0 to 3000 rev min 
1. 
This 
maximum corresponds to a maximum machine speed of 9.49 m/s (31.1 ft/s). 
For the 102 mm wide 0 Melinex, the results were curtailed, as the 
web was persistently breaking. 
For each material and each measuring pad position, the machine 
was run at several different mean tensions and the results given 
in Figs. 6.6 - 6.14 are averages of the amplitudes found at each 
frequency. The uncertainties in the amplitudes at resonance are 
large, but the resonant frequencies are well determined. The 
primary resonance features are listed in Table 6.9. The resonant 
frequencies predicted by the linear model are listed alongside. 
The only parameter in the model that varies from material to 
material is the dynamic "stiffness". The model predicts that the 
resonant frequencies will vary as the square root of the "stiffness". 
This relationship for the materials used is shown in Fig. 6.15. 
TABLE 6.9. 
System 1 for different materials 
Measured Predicted 
Material Pad Position f/rev min amp/N f/rev min-' amp/N 
1) 10"0 Melinex span 6 
res(l) 1130 ± 65 21 ±3 1110 ± 70 24 
res(3) 2800 ± 100 25 ±5 3110 ± 160 30 
10"0 Melinex span 7 
res (1) 
res(t) 
1070 ± 30 25 ±3 1110 ± 70 25 
1870 ± 70 14 ±2 1870 ± 120 29 
3) 4"0 Melinex span 6 
res(1) 690 ± 40 3±1 710 ± 45 17 
res(3) -1870 ± 70 4±1 1980 ± 120 22 
res(4) 2450 ± 130 5±1 2320 ± 130 46 
4"0 Melinex span 7 
res(1) 740 ± 40 3±1.710 ± 45 18 
res(2) 1180 ± 60 21 
5) 15" HDPE span 6 
res(1) 820 ± 30 18 ±2 720 ± 30 17 
r 
res(3) 2180 ± 80 20 ±2 2000 ± 120 22 
6) 15" HDPE span 7 
res(1) 750 ± 30 12 ±2 720 ± 30 18 
res(2) 1200 ± 60 21 
TABLE 6.9. (Contd. ) 
Measured Predicted 
Material Pad Position f/rev min -I amp/N f/rev min -1 amp/N 
7) 
. 
4" S Melinex span2 
res (1) 
res(3) 
920 ± 20 25 ±3 960 ± 55 46 
1290 ± 30 10 ±1 
2350 ± 100 7±1 2730 ± 150 17 
8) 4" S Dielinex span 6 
res(]. ) 920 ± 60 13 ±2 960 ± 55 21 
res(3) 2550 ± 130 11 ±3 2730 ± 150 27 
9) 4" S Melinex span 7 
res(1) 920 ± 60 13 ±2 960 ± 55 22 
res(2) 1530 ± 90 12 ±2 1640 ± 80 25 
182 
6.4.3 Experimental Work for Testing Linear Model. 
As part of the work described in the last section, the results 
for System 1 using 102mm wide S Melinex have been presented. This 
work is included in the work being considered here. Three more 
systems were tested, with different configurations of rollers. 
The particular choice of systems was restricted by the necessity 
of including the swinging web-guide unit. 
System 1 was the minimum feasible assembly. Systeus2 and 3 
are simple extensions of the machine, using the test rig frame 
tower. For both of these, the change of system affects the second 
resonance much more than the first. For all three systems it is 
found by using the model that, at the first resonant frequency, 
the largest oscillations occur in the spans between the drive roller 
and the swinging web-guide unit. This was confirmed in practice 
by tests carried out with measurements of the dynamic tension on 
span 2. As a result, using the theory developed in Chapter 5, 
we expect that the value of the first resonant frequency will be 
largely determined by the length of the web path between the drive 
roller and the web-guide rollers. This web path length in Systems 
1,2 and 3 is at a minimum, since both the drive roller and web-guide 
mechanisms are fixed. So, for System 4, this web path length was 
increased substantially to, find out what effect this had in practice 
on the first resonant frequency. The total web path lengths for 
Systems 2,3 and 4 were approximately the same. 
For all four systems, measurements were made at a standard 
position on the third span from the end of the system. For Systems 
1 and 4 measurements were also made on the following span. This 
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was to measure the second resonance features which were not 
prominent at the standard position. Additionally, for Systems 1, 
2 and 3 measurements were made on the second span, to confirm the 
large oscillations in the section between the drive roller and the 
web-guide rollers. 
In this section, we wish to compare the results with the linear 
model. To do this, the mean tension applied must be sufficiently 
high. For some runs on System 4, a mean tension of up to 170N was 
applied. For most of the work however, the mean applied tension 
was at most about 100N. At higher applied tensions, the material 
failed during running, usually from failure of the adhesive joining 
the material to close the loop. If the coefficient of friction 
between the material and rollers is not substantially less than the 
static value while the machine is running, then the tension will be 
sufficient for the first resonance feature. 
For the second resonance feature, however, this mean tension 
may not be high enough, if the actual oscillation amplitudes are 
as large as the linear model predicts. A method of getting over 
this problem would be to machine the rollers so as to reduce the 
eccentricities. This was rejected for two reasons: -- 
(i) The noise on the tension record would remain the same, 
and so the ratio of noise to the oscillation which has to be 
measured would be proportionately increased. 
(ii) The absolute uncertainty in measuring the eccentricity 
is about lOpm, and independent of the size of the eccentricity, 
dur to the roughness of the roller surface. Reduction of the 
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eccentricities would result in an increased percentage uncertainty 
in their values. 
If the measured amplitudes are much less than those predicted, 
but only marginally dependent on the mean tension applied, then we 
could say that the measured amplitude does not agree with the linear 
model. This can be seen by considering the way the maximum amplitude 
varies with the mean tension applied. This relation is given by 
the full non-linear model. This was shown for the small hypothetical 
systems considered, for which the predicted amplitudes are displayed 
in Figs. 3.2 and 3.3. 
The machine, in general, was run over a range of machine speeds 
from 0 to 9.5 ms-l. This maximum speed was restricted by the control 
characteristics of the web-guide unit. For some runs, when the 
web edge was more uneven, the maximum possible speed was lower, as 
the web-guide control started to wander. The amplitudes of tension 
oscillations for this range of speeds are given in Figs. 6.16 - 6.24. 
We include in this section the results given in the previous section 
for system 1 and displayed in Figs. 6.12 - 6.14. From these graphs, 
various resonance features can be detected. These are set out in 
Table 6.10. Where possible, the corresponding model feature is given 
alongside. 
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TABLE 6.10. 
Systems 1 to 4 for 102mm wide 125p S Melinex 
Measured Predicted 
System Pad Position f/rev min 
1 
amp/N f/rev min-' amp/N 
1) 12 
res (1) 920 ± 20 25 ±3 960 ± 55 46 
1290 ± 30 10 ±1 
res(3) 2350 ± 100 7±1 2730 ± 150 17 
2) 16 
res(1) 920 ± 60 13 ±2 960 ± 55 21 
res(3) 2550 ± 130 11 ±3 2730 ± 150 27 
3) 17 
res(1) 920 ± 60 13 ±2 960 ± 55 22 
res(2) 1530 ± 90 12 ±2 1640 ± 80 25 
4) 22 
res(1) 850 ± 20 36 ±3 885 ± 50 46 
res(2) 1100 ± 30 21 ±3 1140 ± 50 15 
1300 ± 30 19 ±3 
res(3) 2180 ± 80 15 ±2 2260 ± 75 21 
5) 28 
- res(1) 850 ± 30 16 ±2 885 ± 50 25 
res(2) 1070 ± 45 11 ±2 1140 ± 50 29 
6) 32 
res(l) 855 ± 20 34 ±4 905 ± 50 47 
res(2) 1200 ± 30 18 ±3 1245 ± 55 7 
1300 ± 30 15 ±2 
res(3) 2150 ± 80 9±2 2350 ± 75 19 
Bb 
TABLE 6.10 (Contd. ) 
Measured Predicted 
System Pad Position f/rev min-' amp/N f/rev min 
1 
amp/N 
7) 37 
res(1) 860 ± 20 13 ±4 905 ± 50 19 
res(2) .. 
1170 ± 20 11 ±2 1245 ± 55 19 
1290±30 9±4 
8) 48 
res(1) 720 ± 20 19 ±1 760 ± 35 19 
1150±30 7±1 
res(2) 1450 ± 30 10 ±1 1520 ± 60 11 
9) 49 
res(1) 730 ± 20 14 ±2 760 ± 35 19 
1180 ± 20 16 ±1 
res(2) 1500 ± 30 12 ±1 1520 ± 60 26 
res(3) 2250 ± 50 9±1 2220 ± 65 20 
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6.4.4 Experimental Work to Test Full Model. 
While carrying out the work in the previous section, it was 
found that the results depended on the mean tension applied to the 
web. The linear model makes the assumption that results should 
be independent of this mean tension, which is the case when the 
mean tension is sufficiently large. However it is important to 
determine what the effects of a low or moderate mean tension have 
on the oscillation amplitudes. For this reason the full non-linear 
model of the machine was developed. Here we describe the 
experimental work carried out to verify the predictions given by 
this model. 
This work was carried out using some of the configurations of 
rollers used in the previous section. In general, it concentrates 
on the way the oscillation amplitudes about the first resonance 
feature are affected by the mean applied tension. The mean tension 
was determined from the measuring pad. It was found to vary with 
the machine speed and with the different spans of the system. This 
is due to the friction at the roller axle housings. Because of 
this and the difficulty of measuring a mean tension with a large 
dynamic component, there is uncertainty in the values quoted of 
± 10%. The results of this work are shown in Tables 6.11 and 6.12. 
The oscillation amplitude quoted is the maximum found under 
the particular machine conditions. When the mean tension was low, 
this was easier to measure, as the maximum possible amplitude was 
restricted, both in theory and in practice, by a proportion of the 
mean tension applied. Clearly as the mean tension is increased, 
the results should correspond with the predictions of the linear- 
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TABLE 6.11. 
Amplitudes of Oscillation about the First Resonant Frequency 
Measured on System 1 span 6. 
T= 25N 
0 
70 90 120 
f/rev min 
1 
Amp/N f Amp f Amp f Amp 
820 6'. 3 820 3.8 805 5.0 ± 0.3 820 5.1 
870 7.0 870 15.0 855 8.3 ± 0.1 870 5.4 
920 6.2 920 10.5 915 17.7 ± 0.3 920 15.1 
970 4.4 970 7.7 960 8.6 ± 1.6 970 8.4 
1020 3.1 1020 4.8 1015 6.9 ± 0.4 1020 6.2 
TABLE 6.12. 
Amplitudes of Oscillation about the First Resonant Frequency 
Measured on System 4 span 8. 
T= 14N 40 84 120 186 
0 
f/rev min-1 Amp/N f Amp f Amp f Amp. f Amp 
605 8.2 605 5.5±0.5 605 4.5±0.2 605 5.1 620 4.6 
665 10.3 665 10.6±1.1 665 8.2±1.6 665 9.4±0.4 670 7.7 
710 9.9 710 18.1±1.3 715 19.5±2.2 725 19.8±1.3 710 16.9 
770 8.8 760 10.4±0.8 765 14.9±2.6 775 16.7±0.3 765 15.1 
820 6.2 815 7.5±0.5 825 8.5±0.5 830 8.6 815 8.8 
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model. Some of the results given here for high mean tension are 
excerpts of runs carried out to test the linear model, details 
of which have already been presented. Where two or more runs 
were carried out with the same system and mean tension, the results 
have been combined. In these cases, the speeds quoted*are also 
mean values of the actual speeds on each run at which the oscillation 
amplitudes were measured. These have a maximum deviation of ± 10 rev 
The theoretical predictions resulted from using the non-linear 
-1 min 
mathematical model. Since tanS is small over the range of frequencies 
considered, we use the elastic model with the appropriate tensile 
stiffness. 
The parameter which primarily affects the prediction in this 
section is the coefficient of friction between the material and the 
roller surface. We have measured a static value of 0.4, but it 
is known [283 that this can decrease as the machine speed is 
increased. For the measurements made with system 4, we used values of 
p of 0.2 and 0.4 in the mathematical model. First of all, the model 
was run with a high mean tension, to check its agreement with the 
linear model. The model was then run with two lower mean tensions, 
one half the other. The higher of the two tensions was chosen to 
coincide approximately with the onset of slip at the first resonance 
when p=0.4. 
In Fig. 6.25 we show the maximum amplitude at the first resonance 
found for system 1 on span 6 as a function of the average tension. 
In addition, we show the predicted maximum amplitude for the measured 
value of the coefficient of friction. In Fig. 6.26 we show the 
frequency at which the maximum amplitude was measured, and this is 
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compared with the predictions of the theory. For system 4 span 8, 
the corresponding results are given in Figs. 6.27 and 6.28. 
6.5 DISCUSSION OF RESULTS. 
6.5.1 Variation of Resonant Frequencies with Material Stiffness. 
For all materials, the first resonance is well defined. For 
254mm wide 0 Melinex and 102mm wide S Melinex, all the resonance 
features predicted were found. For the 102mm wide 0 Melinex and 
the 381mm wide HDPE, the second resonance feature is not found on 
span 7, contrary to prediction. 
For the 102mm wide 0 Melinex, the results are not conclusive, 
since presistent web-breaks prevented complete study. For the 
381mm wide HDPE, it was found that there was a maximum mean tension 
that could be applied. Any higher tension applied was dissipated 
through plastic deformation. This tension was high enough to show 
the first resonance feature, but not to show the second. This is 
due to the phase change in the oscillation from span to span. For 
the higher resonance feature, the phase change is larger. As a 
result, the mean tension required to show a prominent resonance 
feature is larger. 
One parameter that had to be determined before the model was 
applied was the effective moment of inertia of the drive roller. 
If the drive system has sufficiently fast control that the drive 
roller rotates at a constant angular speed, then we must take 
jl = 0. If, on the other hand, the drive system has little or no 
direct control on perturbations in speed, we use the roller's actual 
moment of inertia in the model. 
ý 
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When we considered the problem of vibration being transmitted 
from the drive motor to the roller, it was found that the degree 
of transmission through the coupling was actually quite small. 
For this reason, any vibrations in the drive roller would only be 
fractionally transmitted back to the motor and any control system. 
Secondly, in using the Variac, it was found that the dynamic response 
was slow, of the order of several seconds. So the model was used 
for all the systems assuming that the drive roller, for small 
perturbations in peripheral speed, would behave as a free roller. 
The first resonance is most strongly dependent on the value 
of this parameter. If the roller was assumed to run at constant 
speed, the value of the first resonance frequency predicted by 
the model would be reduced by 25%. 
For all the results except for the 381mm wide HDPE results on 
span 6, the deviation of the measured first resonant frequency from 
the predicted value is within the experimental error-of about 8%. 
The second resonance features detected are also accurate to within 
the experimental errors. These are the major features. The higher 
resonances have a much wider base, and it is more difficult to 
determine experimentally the frequency at which the amplitude reaches 
a peak. 
In the results obtained for the 102mm wide S Melinex with the 
measuring pad on span 2, an "extra" resonance feature was found. 
This feature is not predicted by the models. This feature is 
considered in the next section, when other systems are investigated 
using 102mm wide S Melinex. 
This section shows that the theoretical relation between a 
192 
material's dynamic "stiffness" and the resonant frequencies is 
satisfied. So the resonant frequencies of any machine can be 
determined by using just one material. If we use a web with a 
width wider than the measuring pad, we get a distortion of the 
web as it moves under the pad. For this reason, we use a web 
of a width less than or equal to the pad width. The high durability 
and tensile strength of the S Melinex made it the most convenient 
material to use. For these reasons, the model was tested in detail 
using a web of 102mm wide S Melinex. The results are discussed in 
the next section. 
6.5.2 Comparison of Results with Linear Model. 
We use the results given in section 6.4.2 to evaluate the 
validity of the linear visco-elastic model. In particular 
we have adjusted the mean web tension so that we can use the first 
two resonances for this purpose. For the 102mm wide S'Melinex 
it was found in all cases that the frequency at which system 
resonance occurred agreed with the predicted frequency to within 
the experimental errors (about 7%). 
On most of the recordings a further prominent resonance 
feature was found. For systems 1,2 and 3 this was at a frequency 
of 1300 rev min For system 4, the frequency was lower, about 
1160 rev min-'. This resonance was found to be due to a vibrational 
resonance of the support frame and the rollers. For systems 1 to 
3 the arrangement of the rollers on the support frame was only 
slightly different. For system 4 two of the rollers were moved 
from the top of the frame to the lower part near the drive roller. 
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To measure the natural vibrational frequency of the frame, 
the frame was perturbed and the induced tension changes in the 
web were recorded using the measuring pad. The tension showed a 
decaying oscillation with a frequency close to the frequency 
previously detected. For system 1 the frequency was 1330 ± 50 rev 
min . For system 4 it was 1210 ± 20 rev mi 
1 1 
n. 
Since the "stiffness" properties of the frame and the web are 
widely variant, we would expect the natural frequencies of the two 
oscillations (vibrations of the frame and longitudinal tension 
oscillations of the web) not to be markedly affected. However, the 
response to a forced oscillation will be altered, particularly 
where resonance features of the two types of oscillation have 
similar frequencies. 
It has been noted in section 6.4 that the roller radii are 
slightly different. This has two effects, which both tend to 
decrease the measured maximum amplitude against the expected 
maximum amplitude derived from the model. First of all this means 
that the oscillation due to each roller will be maximum at slightly 
different machine speeds. This has the effect of_apparently 
"flattening" the resonance peak. We would expect this to have a 
similar effect for all the systems measured. The effect will be 
largest when the resonance feature is particularly sharp. This 
in general is found when the amplitude at resonance is comparatively 
large. The expected effect can be estimated using the model. It 
was found to be minor with the expected amplitudes effected at most 
by about 20%. The second effect arises from the method of 
measurement. For each machine speed on a test run, the maximum 
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amplitude was measured over a timescale of a minute or two. 
However, since the roller radii are only slightly different, this 
timescale may not be long enough. For this reason, at least two 
runs were made to try and allow for these very slow changing effects. 
In practice, it was found that two runs could give a resonance with 
a peak amplitude different by a factor of two. 
We now consider the results derived for the first resonance 
feature. In general, apart from system 1, with the provisos given 
above, the agreement between the measurements and the expected 
amplitudes is reasonably good. It is noticeable that the measure 
of agreement varies with the proportional deviation of the frequency 
of the first resonance from the frequency of the frame resonance. 
For the four systems we have: 
system 1 measured Ist res. freq. /frame res. freq. 0.713 
systems 2,3 0.654 
system 4 0.625 
The frame vibration has at most a small effect on the amplitudes 
of the oscillations at the first resonance. However, when we consider 
the second resonance features, we find a different situation. Here 
the frame resonance frequency and the system frequency are closer 
together, in particular for systems 2 and 3. 
First of all, we consider systems 1,2 and 3 where the frame 
frequency was found to be the same, about 1300 rev min 
1, 
and was 
largely found on the 2nd span of the system. For system 1, where 
the deviation of the 2nd resonance frequency from the frame resonance 
frequency is greatest, we find the largest measure of agreement with 
the model. For spans 2 and 6, the resonance feature is not seen, 
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in accordance with the theoretical predictions. For span 7, the 
feature is found, but with an amplitude about half that predicted. 
For systems 2 and 3 the amplitude at the second resonance on 
span 2 was greater than expected, especially for system 3. On 
the standard span, the measured amplitude is less than that expected. 
For both these systems, the two features occur at similar frequencies, 
and the frame resonance feature appears to dominate. The amplitudes 
at the system resonance are large when the frame resonance feature 
is prominent (on span 2) and small otherwise. 
For system 4, the frame resonance feature, as well as having 
a lower frequency, is found on both spans 8 and 9. On span 8, the 
measured amplitude at the second resonance agrees with the model, 
but on span 9 the measured value is only 50% of the model prediction. 
Clearly, to produce a model which gives accurate values of the 
amplitudes at resonance, it is necessary to include the vibrations 
of the test-rig frame. It was considered that to undertake a 
quantitative analysis of the effect of the frame vibration on the 
tension oscillations would be too time-consuming. The amplitudes 
at resonance are second in importance to the frequencies at which 
resonance features occur. (Due to pressure of time, a study of 
this kind would have hindered investigation of ways of altering 
the resonant frequencies). A second reason against such an analysis 
results from the size of the test-rig frame resonance frequency. 
The frame is of a strong but lightweight construction. For production 
machinery, one would expect similar features to have much lower 
frequencies. In Chapter 7, while carrying out experiments on such 
a machine, certain oscillations at about 300 rev min-' were measured. 
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This is probably the machine frame frequency, and compares with 
the test-rig frequency of about 1300 rev min 
1. 
The results show that the linear model gives good 
approximations to the resonance frequencies (within the experimental 
errors of about 7%). The measured and predicted amplitudes showed 
fair agreement when the frame vibration was not significant. 
6.5.3 Variation of Resonance Features with Mean Tension. 
The importance of the non-linear model is that it relates 
the oscillation amplitudes to the mean tension in the system. In 
the linear models this relation cannot be included. From preliminary 
experimental work, it became clear that there was a strong reLätion, 
particularly when the amplitudes at resonance are a significant 
proportion of the mean tension. For this reason, the model was 
developed. 
From the results presented, it can be seen that they agree 
qualitatively with the predictions of the model: 
(i) At low mean tensions, a resonance feature is much less 
sharp. The maximum amplitude is approximately proportional to the 
mean tension. At this point, there is loss of adhesion at some of 
the rollers for a part of each oscillation. 
(ii) The maximum amplitude increases with mean tension until 
a value is reached for a particular mean tension at which no loss 
of adhesion occurs. For the first resonance in particular, a 
further increase in mean tension results in a slight decrease in 
the maximum amplitude until, for high mean tension, the model agrees 
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with the linear-model. Throughout, the frequency at which 
the maximum oscillation occurs increases with increasing mean 
tension. 
Quantitatively, the experimental results are contradictory. 
The results measured for system 1 on span 6 do not agree well 
with the model. The results suggest that the coefficient of 
friction is less than the measured static value of 0.4. However 
for the measurements made on system 4 on span 8 the agreement with 
the model with u=0.4 is within experimental uncertainties. This 
is encouraging as the best agreement of the experiments with the 
linear model was also found on system 4. Also, it is known 
that the dynamic coefficient of friction is critically dependent 
on the types of material, the machine and the tension applied. [28J. 
Clearly it will require a lot of additional work to determine how 
the coefficient of friction does vary before the model can be 
tested satisfactorily. 
6.6 CONCLUSIONS. 
From the experimental work described in this chapter, we can 
make the following conclusions: 
1) For a particular configuration of rollers, the frequencies 
at which resonance occurs is determined by the dynamic "stiffness" 
df elasticity at that frequency of the material threading the 
rollers. The experimental work agrees with the theoretical prediction 
that the resonant frequency varies with the square root of the 
"stiffness". [Section 6.4.2. 
198 
2) For a particular material, and different configurations 
of rollers, the resonant frequencies found experimentally agreed 
with one exception with the values predicted by the linear 
model to within about 5%. [Section 6.4.31. 
3) The exceptional resonance was found to result from 
vibration of the frame. In the models the frame supporting the 
machine was assumed rigid. For industrial machines this will be 
a better assumption as the frame will be much more solid. Therefore 
any frame vibration resonances will be at a lower frequency. 
See Chapter 7.4.31 . 
4) The agreement of the amplitudes at resonance measured 
experimentally with the predictions of the linear model is fair. 
The model predicts well the relative sizes of the amplitudes in 
different parts of the machine, but tends to overestimate the 
absolute values. [Section 6.4.3] . This could be due to three 
factors: 
(i) the difficulty of measuring a peak value experimentally, 
(ii) not allowing for some damping factor in the model such 
as viscous friction at the rollers, 
(iii) interaction between the rollers and the vibrating support 
-frame. 
5) Experimental work confirms the qualitative predictions 
of the full non-linear visco-elastic model. The work carried out 
shows good agreement with the details of the model within the large 
experimental uncertainties. Further work on determining the value 
of the dynamic coefficient of friction as a function of tension and 
machine speed is required before the model can be satisfactorily tested. 
CHAPTER 7 
EXPERIMENTAL WORK ON A PROPRIETARY FILM 
REWINDING MACHINE 
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7.1 INTRODUCTION. 
The experimental work which has been detailed so far was 
carried out on a test rig. This was a machine handling a closed 
loop of material continually recycled. The production machines 
which we were hoping to model are not generally of this kind, 
but open-ended, with a roll of material either supplying or 
collecting material from the system, with changing machine parameters 
as the run proceeds. This difference is reflected in the modelling. 
Although the model is well supported by results obtained on the 
test rig, it would also be useful to get some direct experimental 
results to compare with the predicted values. This entailed 
performing experiments on a standard production machine, with a 
certain loss of control over and uncertainty of parameters and 
conditions. This was also the first chance to use the measuring 
pad in an industrial situation. It was useful to discover how 
well it operated under these conditions. 
7.2 EXPERIMENTAL SET-UP. 
7.2.1 Description of Machine. 
, 
The work was carried out on a machine which was being used to 
xewind a thin (12 um) biaxially drawn polymeric film, Melinex. 
A diagram showing the essential set-up of the machine is given in 
Fig. 7.1. 
All the rollers except the dancer roll are driven by belts 
connected to the same motor to provide a constant roller peripheral 
speed. The first roller has a screw to vary the height of one of 
the axle ends. This is used to offset the effects of a baggy edge 
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on a roll. The second roller is a dancer roll which is intended 
to iron out any tension variations by vertical movement. This 
is a spring-loaded roller with a degree of pneumatic damping which 
can be varied by the machine operator. There are two load-cells 
on each end of the dancer roll to measure the web tension. These 
are used to control the offwind tension by regulating the pneumatic 
brake pressure on the offwind roll. 
The rolls of material used were some which had been rejected 
after manufacture on grounds of poor quality. The rolls showed 
considerable out-of-roundness, as well as other shape distortions. 
In addition, there were other material malformations, such as 
variations across the roll and local variations at some particular 
roll radius. An example of the latter can arise when a piece of 
hard impurity becomes embedded at some radius on the roll during 
manufacture. This will cause a profile distortion of the layers 
of material above and below. This effect will only be"local as 
the air entrained in the roll will allow this radial displacement 
to be "cushioned" out after several layers. All these malformations 
will give rise to variations in web tension. The primary variation 
will be a sinusoidal oscillation with a frequency corresponding 
to the rotational frequency of the material roll. We should also 
expect various harmonics of this frequency to be found. (In particular 
the first harmonic, which would result from any roll ellipticity. ) 
When the machinery was made, the rollers were machined to 
eliminate eccentricity and then dynamically balanced. However, 
over the years of operation, wear of various components will lead 
to a certain amount of eccentricity and out-of-balance appearing. 
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As a result, there may be oscillations in web tension with frequencies 
corresponding to the rotational frequencies of the rollers. 
The notched belts which drive the rollers will also affect the 
tension in the system. The model relies upon the assumption that 
the driven rollers can be considered as behaving like free rollers 
if they are subjected to very small (ti 0.1%) oscillations in the 
peripheral speed. This oscillation would result in a maximum 
angular displacement between belt and roller edge of 0.001 radians 
which implies a linear displacement for the rollers in question of 
about 0.08 mm. However, the belt also determines the mean peripheral 
speed of the roller. If this is not the same as the speed which 
would result from the roller being driven only by the web, the 
difference will give rise to a mean tension change before and after 
the roller and could lead to slip between web and roller. Furthermore, 
imperfections in the belts could lead to variations in roller 
peripheral speed and hence to further disturbances in tension. This 
will be discussed more fully when considering the results. 
7.2.2 Method of Dynamic Measurement of Tension: 
The method for measuring the tension has been explained in 
full in Chapter 6 when describing the experimental work carried 
out on the test rig. The maximum frequency which was required to 
be measured on the rewinding machine was 30 Hz. This was much less 
than the known maximum detectable frequency of the measuring pad, 
which is 80 Hz. The instrumentation used with the measuring pad 
for the work is summarised below. 
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1) Air supply with filter and valve. Supply pressure to 
the pad required was a maximum of 7 1,11m7-2 (1 lb in-2 ). 
2) Water Manometer to check supply pressure. 
3) Miniature transducer permanently fitted into the base 
of the pad. 
4) Amplifier for transducer output. 
5) Medelec (combined oscilloscope-chart recorder) to read 
transducer output. 
7.2.3 Arrangement of Measuring Equipment on Machine. 
Since the measuring pad is about 120 mm wide, and the web 
being run was up to 1300 mm wide, some arrangement was required 
to support the web either side of the pad. Ideally, we would 
require the whole width to be supported on a homogeneous air 
bearing, but this was impracticable for this investigation. 
Instead, four solid (i. e. unperforated) aluminium "loaves", with 
the round surface contoured to the same radius (258.5 mm) as the 
measuring pad, were made. These were fixed either side of the 
measuring pad, with the curved surfaces of the loaves and measuring 
pad roughly flush. In fact, since a small gap was necessary between 
the pad and the edges of the loaves, the measuring pad was 
fractionally extended to ensure that the web above the pad was 
being supported entirely on the air cushion. This arrangement has 
the drawback that, as the conditions for the web over the measuring 
pad are unique to that area, the tension measured will be local 
tension. It will probably not bear close relation to the mean 
tension across the web. For this work this is acceptable, as we 
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are interested in the relative sizes of disturbances under 
different operating conditions. However, if an arrangement of 
five or six transducers across the web were to be used, say, to 
give a tension profile, then a homogeneous air bearing would be 
required. 
The measuring pad and loaves were all fitted to a cross member 
which ran the width of the machine and was attached to two vertical 
supports. The attachments allowed a certain freedom for the whole 
unit to be positioned. The unit was positioned so that it intruded 
into the web path such that the wrap angle of the web about the 
0 
measuring pad was about 20. 
7.2.4 Determination of Machine and Material Parameters. 
TABLE 7.1. 
(i) Roller Radii and Moments of Inertia. 
2 
Roller Radius/mm Moment of Inertia/kgm 
1 Cant Roller 80.2 0.675 
2 Dancer Roller 69.9 0.077 
3 Upper Roller 80.1 0.658 
4 Transfer Roller 80.1 0.658 
5 Mid-Platform Roller 80.2 0.951 
6 Lower Pull Roller 80.2 0.965 
7 Upper Pull Roller 80.2 0.982 
8" Grooved Roller 63.4 0.383 
9 Winding Drum 102.4 1.530 
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(ii) Dancer Roller Parameters. 
Mass 34 kg 
Natural frequency of vibration 'L 1 Hz 
(iii) Melinex Roll Core Parameters. 
Inside Radius 38.1 mm 
Outside Radius 45.7 mm 
Line Density 1.4 kgm 
1 
(iv) Melinex Properties. 
Thickness 12 pm 
Density 1350 kgm 
3 
Static Modulus 4.3 GNm 
2 
3.5 Hz 110 Hz Value Used in Model 
Dynamic Modulus - Magnitude /GNm 
2 
3.4 4.1 3.5 
Loss Factor 0.020 0.031 0.025 
(v) Machine Span Lengths and Roller Angles of Wrap. 
n Length span n/m Angle of Wrap an/deg 
2 0.483 190 
3 0.356 39 
4 0.546 64 
5 0.572 21 
6 0.642 102 
7 0.368 95 
8 0.222 155 
9 0.254 200 
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Span length L1 and angle of wrap al depend on the Melinex Roll 
radius RM. They are determined by the formulae: 
Li . 0.3719 - (iý + 0.0802)2 
a1 = 125 + tan 
1 
((Rn + 0.0802)/L1) . 
(vi) Widths of Melinex Rolls Used. 
Ro11 No. 
1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
11 
12 
Width/m 
0.810 
0.810 
1.302 
1.302 
1.302 
1.210 
1.210 
1.210 
1.210 
1.210 
1.017 
1.017 
The values of the various machine and material parameters 
-required for the theoretical model are given in Table 7.1. The 
span lengths, roller radii and wrap angles were measured on scale 
drawings of the machine. Span lengths L2, L3 may vary by ± 0.05m 
due to the setting of the-mean position of the dancer roller. The 
moments of inertia of the rollers were calculated from engineering 
drawings. The moment of inertia quoted for the dancer roller refers 
only to the outer shell which rotates. The mass of the roller refers 
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to the whole assembly. The natural frequency of oscillation of 
the dancer roller was only estimated roughly. It was found that 
the model was only marginally sensitive to variation in this 
parameter. This was also the case for the degree of damping, 
which could be varied and was generally kept quite low. 
The dynamic tensile modulus and loss factor for the Melinex 
film were measured at 3.5 Hz and 110 Hz on a Rheo Vibron by 
J. P. Berry [291. The figures quoted are the values at 20°C, 
though the quantities changed little about this temperature. 
As the two sets of figures are similar, mean values over the 
range of frequencies to be considered (ti 5- 30 Hz) were used in 
the model, and these figures are also given. The other properties 
quoted were provided by the manufacturers 
[30]. 
7.3 RESULTS. 
7.3.1 Programme of Work and Method of Analysis. 
TABLE 7.2. 
Programme of Work 
A) Runs with Machine Speed held constant. 
Run No. Roll Pad Initial Final Speed Mean Dancer Roller 
Used Position Radius Radius Tension Operation 
mm tun m min 
1 
Nm 
1 
11 14C 121 64 152 65 Dancing 
24 k4C 121 64 305 65 Dancing 
35k4C 119 51 305 65 Dancing 
45 k4C 119 51 305 112 Held Fixed 
57 k4C 148 57 457 65 Dancing 
68 k4C 75 51 305 47 Held Fixed 
7 10 k2C 108 54 305 65 Dancing 
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B) Runs with Varying Machine Speed. 
Run No. Roll Pad Initial Final Speed Mean Dancer Roller 
Used Position Radius Radius Range Tension Operation 
mm mm m min-' Nm1 
86 ß4C 159 81 152 457 47 Dancing 
97 ß4C 165 148 152 + 457 65 Dancing 
10 8 ß4C 148 75 152 } 457 47 Held Fixed 
11 9 ß4C 149 127 152 - 396 65 Dancing 
12 9 ß4edge 127 64 152 - 457 65 Dancing 
13 10 ß2C 160 108 152 } 457 65 Dancing 
14 11 ß2C 152 73 152 - 549 65 Dancing 
15 12 ß2C 152 111 152 a 305 65 Dancing 
16 12 1 2C 152 111 152 - 305 112 Held Fixed 
The programme of work carried out is summarised in Table 7.2. 
No results were obtained from Rolls 2 and 3 due to operational 
problems, and these are included in Table 7,. l for completeness. 
For Rolls 1 to 8 the measuring pad was centrally positioned on the 
4th span. The runs with Roll 9 were used to compare results between 
the central position and a position near the edge of the web on 
the 4th span. For Rolls 10 to 12 the pad was moved to the centre 
of the 2nd span (the span before the dancer roller). 
The mean web tension can be controlled by the setting of the 
dancer roller, and the machine was run at three web tensions. 
Measurements of the mean tensions were taken on the measuring 
pad, and these are given. However, these are only local tensions, 
and will probably be significantly larger than the mean tension 
across the web (for reasons explained in 7.2.3). At the highest 
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tension, the dancer roller was hard down on the stops and hence 
held rigid. At this tension the dancer roller does not behave 
as a controlling balance. This is indicated in Table 7.2. 
For Roll 8 the machine was run with the dancer roller modified so 
that it could be held fixed at a lower tension. 
The machine was run in two ways: 
(A) Keeping speed constant at 152 m/min, 305 m/min or 457 m/min. 
(B) Varying the-speed between 152 m/min and 549 m/min. 
In both cases, five second recordings of tension were taken on 
average every thirty seconds. When the speed was being changed, 
at least two recordings were taken at each speed. For each recording 
the time elapsed since the start of the run was noted. Before and 
after each run, the radius of the Melinex roll was measured. Using 
this information, the radii of the offwind roll and the take-up 
roll at the end of the machine at the time of each recording were 
determined. Typical recordings are shown in Figs. 7.2-7.4. 
For most of the recordings, there was a combination of 
oscillations at several different frequencies, with various other 
random fluctuations (such as sharp 'spikes' in the tension) 
superimposed. The general method for analysing these traces was 
as follows: From the trace, the tension was measured at about a 
hundred equally spaced sample points. The sample was then transformed 
by using a discrete Fourier Transform. In some cases, the peaks in 
the frequency domain fell between two integral points of the transform. 
To overcome this problem several transforms were performed, removing 
a small part of the sample (usually 3 or 4 points) from one end. 
Then the peaks would occur at an integral point on at least one 
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transform. This value (typically the maximum value of the 
transform found in that region) was then taken to be the height 
of the peak. For some recordings, two samples were taken on 
different segments of the recording when the trace appeared to 
vary appreciably through the recording. An example from the first 
recording in Fig. 7.3 is shown below in Table 7.3. This is the 
portion near the rotational frequency of the Melinex Roll. 
TABLE 7.3. 
Total number of sample points 
87 83 79 74 70 
Ordinate No. 6 0.09 0.28 0.27 0.55 0.44 
7 0.44 0.42 0.34 0.33 0.27 
8 0.25 0.33 0.31 1.17 2.21 
9 0.36 1.01 2.10 1.56 0.26 
10 2.19 1.70 0.40 0.65 0.08 
11 0.38 0.57 0.27 0.45 0.33 
12 0.05 0.30 0.38 0.13 . 1.09 
The frequencies which were found were then matched with the 
rotational frequencies of the various machine components. There 
remained a residue of peaks that could not be matched. Some of 
these are likely to be illusory, and due to the various random 
fluctuations on the traces which have already been mentioned. 
However they were all noted and will be discussed later. 
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7.3.2 Results. 
When the traces were analysed, three features were present 
in most cases. These features corresponded to the rotational 
frequencies of the Melinex Roll, of the dancer roller, and of 
the rollers which form the greater part of the machine (roller 1, 
roller 3 etc. all have much the same radius). For simplicity, 
these rollers will be known collectively as the transport rollers. 
-In addition, on a minority of traces, features corresponding to 
the grooved roller, the winding drum, and the take-up roll were 
also found. The first set of features are shown for Runs I to 16 
in Figs. 7.5 - 7.20. For Runs 1 to 7, the results of which are 
shown in Figs. 7.5 - 7.11, the measured tension amplitudes are 
tabulated against the time elapsed since the start of the run. 
For Runs 8 to 16, the results of which are shown in Figs. 7.12 - 
7.20, the tension amplitudes are expressed as a function of the 
machine running speed. In each figure are found six graphs giving 
the results of one run. The bottom three graphs give the measured 
results for, respectively from left to right the tension amplitudes 
corresponding to the rotational frequency of a) the Melinex roll, 
b) the transport rollers and c) the dancer roller. In some instances. 
a particular feature was undetectable. This is indicated on the 
graphs by a "ý" at the minimum level of measurement. Above each 
graph of measurements is given a corresponding graph of predictions 
given by the linear visco-elastic model. The predicted amplitude 
given is derived from the linear model assuming a fixed eccentricity 
(displacement between centre of mass and centre of rotation) for 
the, appropriate machine component of 30 um. The curve given for 
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the features from the transport rollers is derived from considering 
roller 1, although in practice the curve will be made up of a set 
of oscillations instigated by several of the rollers. In the 
case of the Melinex roll, any distortions will vary as the run 
continues. However, since we have no quantitative information 
about the malformation, it is simplest to compare the results with 
such a theoretical curve. For the other components, only occasional 
features were found, and not enough on any run to give a curve. 
On 67 of the 217 traces were found 83 features which could 
not be associated with any of the rotating parts of the machine 
such as the rollers or Melinex rolls. The frequencies of these 
features ranged from 1.5 to 25 Hz, but there was a large group 
(ti 20%) whose frequencies lay between 4.8 and 5.6 Hz. Two very 
large features in this frequency range were found on Run 3 recordings 
12 (amplitude 47 Nm 
1) 
and 14 (amplitude 35 Nm 
1). 
In both cases 
the machine was running with the dancer roller operating at 305 m/min. 
The 5 Hz feature was only detected on two recordings made on span 2. 
7.4 DISCUSSION OF RESULTS AND CONCLUSIONS. 
7.4.1 Introduction. 
- The first point to be noticed is the variation in the results 
when the theory predicts that the amplitudes should be more or less 
constant. This situation arises for the machine rollers in runs 
1,2,5 and 6. The traces in these cases show a variation of about 
10 Nm. 
1. 
This variation is large compared to the size of the 
readings (ti 20 Nm 
1). for the oscillations corresponding to the 
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machine components. A typical trace for Run 2, showing the 
large random fluctuations is the first recording shown in Fig. 7.2. 
In contrast, a trace from Run 7 without much noise which was taken 
on'span 2 is the second recording shown in Fig. 7.4. In the case 
of the Melinex Roll oscillation, there is the problem that the 
distortion is radius and hence time dependent. Any individual 
reading may be considerably displaced from the mean value of a 
group of such readings. It was not possible to take more than 
two readings in general for each set-up of the machine (Melinex 
Roll radius, width and machine speed). As can be seen from the 
results, this was not enough in some cases (especially for the 
machine roller induced oscillations) to give a well defined mean 
readings curve. 
7.4.2 Comparison of Results with Linear Model. 
(1) Oscillations Arising from Melinex Roll. 
On the majority of readings, the dominant oscillation was the 
one arising from the Melinex Roll. On most runs where the machine 
speed was varied, a consistent readings curve was found, with an 
identifiable peak amplitude or continuing trend. In general, the 
difference between the predicted value of the machine speed at 
which the peak amplitude would occur, and the actual value, was 
about 20%. In two cases (Runs 11 and 14) the differences were 
greater. For Run 14, the Melinex web broke during the second 
reading at 518 m/min (1700 ft/min). This may have been caused 
by a local malformation of the Melinex, which may account for the 
high amplitude at this speed. If so, the required peak may be at 
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457 m/min (1500 ft/min), near the predicted value. 
For Run 11, the large peak at 305 m/min (1000 ft/min) was 
quite likely due to a large local disturbance in the Melinex Roll. 
The running conditions for Run 11 are similar to those for the 
equivalent speeds of Run 9, yet the results are quite different. 
For Run 11 the peak is much sharper than would be expected as a 
result of changing machine parameters. For the largest amplitude 
was found at a speed of 381 m/min (1250 ft/min), although the 
model predicts a larger amplitude at 457 m/min (1500 ft/min). 
One of the traces taken at 381 m/min is reproduced in Fig. 7.3. 
It can be seen on the recording that the amplitudes of the various 
oscillations vary considerably over different parts of it. 
Analyses were made of two samples taken from the recording, one 
at the start and one at the end. Oscillations at the rotational 
frequency of the Melinex Roll were not detectable on the first 
sample above the frequency spectrum background. This gave an 
upper limit to the amplitude of 5 Nm 
1. 
On the'second sample, a 
peak in the spectrum corresponding to this frequency was found, 
giving an oscillation amplitude of 30 Nm 
1. 
Similar variations 
in amplitude were also found for the other oscillations present. 
For the runs carried out at constant speed, the results are 
very variable. The most consistent set of results are found on 
Run 6, where nine of the twelve readings follow a consistent 
curve similar to the one predicted. Run 7 shows no prominent 
peak, contrary to prediction, and Run 2 gives results which 
fluctuate too much for conclusions to be drawn. The results 
from Run 5 have roughly the predicted form, but here again the 
amplitudes vary considerably. 
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(2) Oscillations arising from Machine Components. 
On most of the runs, the amplitudes of the oscillations of 
the machine components were quite small, and so the results were 
affected by random noise on the recordings. The only reasonably 
consistent sets of results are found for Runs 11 to 14. The 
agreement between the results and the linear model varied markedly. 
If we consider the results for the dancer roller first, we 
can see peaks in the results for Runs 13,14 at 335 m/min (1100 ft/min) 
against predicted peaks at about 381 m/min (1250 ft/min). For 
Run 12 the results are too scattered to deduce any mean curve, and 
for Run 11 the large peak at 305 m/min (1000 ft/min) is probably 
caused by the large oscillation due to the Melinex Roll. This 
apparent causal relationship is discussed later when considering 
non-linear effects. 
For the transport rollers, the results were similar. Here 
too, for Run 11, we find a large peak at 305 m/min. For Run 12, 
the results show a possible peak at 305 m/min against a predicted 
peak at 244 m/min (800 ft/min). For Runs 13 and 14 no prominent 
peaks are present but the results follow the predicted values 
reasonably well. The linear model predicts peaks for most runs, 
especially Run 10, at about 229 m/min (750 ft/min) which are not 
shown in the results. 
7.4.3 Effect of Dancer Roller on Dynamic Results. 
One of the objectives of the work was to determine what 
effect the vertical motion of the dancer roller, to control the 
web tension, has on the dynamic tension variations. For this 
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purpose, in two cases, Runs 4,5 on span 4 and Runs 15,16 on 
span 2, results were obtained, both when the dancer roller was 
free to oscillate and when it was held fixed. This was done by 
increasing the web tension so that the dancer roller was forced 
hard down onto the end stops. It was found impossible to do 
this for speeds above 305 m/min (1000 ft/min), as, under these 
conditions, there was slipping between the Melinex Roll and the 
end supports, leading to frictional heating. For Runs 4 and 5 
the speed was fixed at 305 m/min and for Runs 15 and 16 the speed 
was varied between 152 m/min and 305 m/min. In addition, the 
dancer roller was modified so that it could be held fixed at a 
lower tension. It was used in this way for Run 10, so this run 
can be compared with Run 8, where the dancer roller was operating 
normally. 
Apart from the runs on Roll 12, where the Melinex Roll 
oscillations are larger when the dancer roller is fixed, there 
are no significant differences. This is in general accordance 
with the values predicted by the model. 
It has already been pointed out in Section 7.3.2 that an 
oscillation with a frequency of about 5 Hz was found on a certain 
number of the recordings. In particular, very large oscillations 
of this frequency were found on two recordings of Run 3. One of 
these recordings is shown in Fig. 7.2. Since this oscillation 
has been found irrespective of machine speed, it cannot derive 
from any rotating machine components. It is possible that this is 
the natural frequency of the dancer roller mechanism, and the 
oscillations arise as it vibrates to control the web tension. 
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This would be more likely to happen if the damping was set very 
low. However, 5 Hz appears to be rather high for the natural 
i frequency, which one would expect to be about 1 Hz, and this last 
figure was used to derive the theoretical amplitudes from the 
linear model. The other possibility, is that this is a natural 
frequency of the rolls and material interaction which is triggered 
by some disturbance in the web tension. If'this was the case, 
however, one would expect significant decay of the oscillation in 
one second. Certainly for the two traces on Runs 3 this is not so. 
A more likely explanation is that this is a natural vibration 
frequency of the support frame. This would be independent of the 
running conditions of the material on the machine. A similar 
feature found on the test rig was traced to the frame vibration 
(Chapter 6.5.2). 
7.4.4 Non-Linear Tension Effects. 
We have found that the linear model gives at best only 
moderately accurate predictions. One possible reason is the effect 
of the belts driving the rollers at different speeds. If the 
material was slipping over one of the rollers (e. g. Roller 5 with 
an angle of wrap of 210) the theoretical amplitudes would be 
different. A second reason may be that the assumptions made for 
the linear model are not valid. One feature that should be absent 
from the traces if the linear model can be used is any interdependence 
between the amplitudes of the various oscillations present. 
On several traces, where the amplitude of the Melinex Roll 
oscillation is large, it appears that the oscillations corresponding 
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to the other machine components are amplified as well. The 
traces where this is particularly noticeable are on Run 8 at 
381 m/min (1250 ft/min), Run 9 at 381 m/min, Run 11 at 305 m/min 
(1000 ft/min) and Run 14 at 518 m/min (1700 ft /min). The method 
of frequency analysis could account for some of this distortion, 
but it certainly is a genuine effect, as can be seen on the 
recording of Run 11 running at 305 m/min shown in Fig. 7.4. 
The linear model is valid if the oscillations are small 
compared to the mean tension. On Run 11 where we found the largest 
oscillation, the variation of the tension was about 40% of the mean 
tension. In previous work, it has been found that the linear model 
gives acceptable predictions of the frequency at which peak 
amplitudes will occur, even if the variation in tension is not small. 
However, it appears that due to the non-linear effects described, 
the linear model can only be expected to give acceptable predictions 
for the dominant oscillation present, that arising from the Melinex 
Roll. 
7.4.5 Change of Oscillations with Lateral Position on Web. 
Roll 9 was used to try and determine what effects the lateral 
position on the web had on the measured oscillations. Run 11 
turned out to be unusual, and gave results different to runs made 
with previous rolls under similar conditions. However we can 
compare the results for Run 12 with these earlier runs, in particular 
Run 9, and these do not appear significantly different. The agreement 
for Run 12 between the results and the model is reasonably good 
(ti 10%). The model assumes a flat tension profile across the web. 
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However, as pointed out in Section 7.2.3 the measuring pad set 
up a local distortion of the web tension, and this will affect 
any results obtained. 
7.4.6 Summary of Results and Conclusions. 
From this work we can make the following conclusions: 
(1) The measuring pad worked satisfactorily. 
(2) Oscillations were found which corresponded to the 
rotational frequencies of the machine components. 
(3) The speeds at which the maximum amplitude of oscillations 
due to the Melinex Roll occurred differed from the speeds predicted 
by the linear model, in general, by less than 20%. 
(4) The agreement between the linear theory and the results 
from the machine rollers was inconclusive. This can partly be 
explained by the influence of the Melinex Roll oscillations. 
(5) No significant difference to the oscillations was found 
when the dancer roller was fixed. 
(6) No evidence of variation of oscillation with lateral 
position of the web was found. This may be due to the local effect 
that the measuring pad has on the web tension. This work could only 
be satisfactorily carried out using a homogeneous air bearing. 
(7) A tension oscillation with a frequency of about 5 Hz was 
found on. a number of traces. This oscillation was at most marginally 
dependent on material parameters. It is possible that this 
oscillation arises from vibration of the machine support frame. 
This, however, remains unconfirmed. 
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CHAPTER 8 
CONCLUSIONS AND SUGGESTIONS 
FOR FUTURE WORK 
Z1y 
8.1 CONCLUSIONS. 
From the experimental work carried out to verify the details 
of the mathematical models, and from the development of the models 
themselves, we have established the following: 
1) In accordance with the predictions of the models, the 
frequencies at which large oscillations occur are dependent on 
the square root of the modulus of the dynamic "stiffness". 
(Chapter 6.4.1). 
2) For purposes of determining the resonant frequencies, 
the drive roller on the test rig has to be considered as a free 
roller (Chapters 2.2,6.4.1,6.4.2). 
3) The simplified model can be used to predict the resonant 
frequencies of a particular system. This was confirmed using 
different configurations of rollers on the test rig (Chapter 6.4.2). 
4) The resonant frequencies are not significantly affected 
by the tension profiles in the material. This is confirmed by the 
accuracy of the results for the 254 mm wide 0 Melinex and the 
381 mm wide HDPE. In both cases, the tension profile is distorted 
by the presence of the 120 mm wide tension measuring pad (Chapter 
6.4.1). 
5) Additional resonant frequencies are caused by the vibration 
of the machine frame (Chapter 6.4.2,7.3). 
6) The amplitude of oscillations at resonance are dependent 
on the position of measurement. The relative amplitudes in different 
parts of the machine predicted by the models were confirmed by 
carrying out measurements at several points of each system on the 
test rig (Chapter 6.4.2). 
LU 
7) The amplitude of the oscillations at resonance tend to 
be overestimated by the model. This suggests that some factor 
which tends to damp out the oscillations has been neglected. 
(Chapter 6.4.2). 
8) The non-linear model can be used to predict how the 
dynamic tension, particularly near resonance, is affected by the 
mean tension in the system. The qualitative predictions of the 
model were confirmed by measurements on the test rig. In particular, 
at low system tensions, slip between material and roller surface 
is a dominant factor on the size of the tension variations. 
(Chapter 6.4.3). 
9) The models can be applied successfully to standard industrial 
machinery. Predictions from the models agreed reasonably well with 
measurements carried out on a proprietary rewinding machine in situ. 
(Chapter 7). 
10) The models can be used to evaluate machine behaviour 
analytically. The dependence of the resonant frequencies on various 
machine parameters can be determined. The circumstances under which 
simplified models will give sufficiently accurate results can be 
found. Additionally, the effect of certain control devices such 
-as spring-loaded or inertia-compensated rollers on dynamic tension 
variations can be investigated. (Chapter 5). 
8.2 SUGGESTIONS FOR FURTHER WORK. 
The amount of previous work carried out in the same area as 
that covered by this thesis is small. Several promising avenues 
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of research are apparent. Arising from the work carried out 
for this thesis, we can make various suggestions for such further 
research. 
1) In the experimental work carried out, some of the features 
were found to result from the vibrations of the frame supporting 
the machine components. It would be useful to develop a model to 
cater for these vibrations and to examine their effects on the 
dynamic tension in the material. 
2) A more thorough experimental evaluation of the non-linear 
model is necessary. To carry this out, an accurate determination 
of the way the coefficient of friction between material and roller 
surface varies with system speed and tension is required. 
3) An investigation of the effect of roller drive control 
systems on the oscillatory tension resonance features would be 
useful. We have shown in this thesis that in certain circumstances 
(Chapter 6.3.1) for purposes of determining the resonance features, 
we can assume the drive rollers behave as if only driven by the 
passage of the material over them. First of all, it would be 
useful to determine whether this assumption generally holds, or 
whether it is necessary in some cases to adopt a more detailed 
-model of the drive control system. Secondly, it would be useful 
to determine whether a close or loose drive control system is 
preferable in terms of the resulting resonance features. 
4) From the non-linear model, it is shown that the least 
variation in tension occurs at low average tension. Clearly as 
far as tension oscillations are concerned, low system tension is 
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preferable. However, several other factors, such as web wander, 
have to be considered when running a machine. An investigation 
to determine the benefits and drawbacks of running machines at 
low tensions would be advantageous. 
5) The models developed in this thesis are mainly concerned 
with longitudinal variations in tension. No account of the 
transverse variations in tension has been taken. One irregularity 
that has been observed on web-fed machinery is. edge-flap [113. 
This feature is probably a consequence of a-combination of the 
cyclic variations in tension in the machine direction and the 
tension profile across the web. An analytical study of this 
feature would be useful to determine the relationship between 
edge-flap and the system resonances established in this thesis. 
6) Finally, as a direct continuation of the present work, 
it would be useful to use the models to design particular systems 
of machinery. In this thesis, it has only been possible, in 
Chapter 5, to give general outlines. The sort of problems which 
would arise would be the position in the system of the large 
moment of inertia components, the span lengths, the angles of 
wrap, the type and position of any tension-control device, and 
-the drive control system. 
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APPENDIX 1 
To complete the description of the models, it is necessary 
to determine how disturbances are introduced into the system. 
One disturbance which can be found is caused by an out of balance 
" roller. This leads to an additional term 
in the equation describing 
the roller angular motion. Other disturbances, which we derive here, 
lead to changes in the lengths of the spans between rollers. 
1) We first of all consider an out-of-centre mounting of 
one of the rollers. We assume that roller n is mounted a distance 
an from its centre of mass, where an/ n is small. We can consider 
the disturbance due to each roller eccentricity in isolation as 
the interaction between two disturbances will be a second order 
factor and may be neglected. So we assume rollers n-1, n+l are 
perfectly centred. We consider the effect on the length of span n. 
Rollers n, n+l are in one of the two configurations shown in 
Fig. A. 1. 
Fig. A. 1. 
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First of all, considering configuration (a) we can extract 
the following diagram: - 
Fig. A. 2. 
IAoni = an 
Zn0n+l, Cn Cn+l parallel lines. 
From AA Zn 0 
n+1 
we have, by Pythagoras 
Ln2 = Ln 
2+ (R - R+l) 
ýn+l 
By applying the cosine rule to AA 0n 0n+l we have 
2 
L2 n2 =Ln+ an - 2an Ln cos 
where V is GA On0n+1. 
n+1 
From [A. fl, CA. 2J we can see that to find Ln to first order 
in an/ n we only require ý to zeroth order in an/ n 
ýA. 1D 
EA. 2] 
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Z 
-A 
0n0n+1 =/-Zn A On+1 + an - A+ 0(an/R 
=2-ýn+an-A+Oian/Rl) 
where n= sin 
_1 ((R - n+1)/Ln) 
So Ln2 =Ln 
z-2anLnsin(6+ýn-an) 
(Rl-Ri+1)2 
to first order in a /R 
nn 
From [A. 4J differentiating with respect to time we get 
dL 
n 
dt 
V 
as dt R' 
n 
we have 
-= 
C L an 
nn 
Cos (6 +-a LRn 
n) 
nn 
L 
Since cos ýn =c to first order in /R 
L n 
n 
dL aV cos (0 +e- aE) 
nnnnn 
dt n cos ý 
If instead we consider configuration (b) we get exactly the 
same result with in this case ýn = sin ((R + R+1)/Lc). In an 
similar way, the eccentricity on roller n affects the length of 
span n-1. Working in the same way as before we get 
dLn_1 anVn cos(8 + an + ýn_1) 
dt n cos $n-1 
where +n-1 - 
_1 
R 
_i 
±R 
sin nn and an is the angle 
L- 
n 
[A. 3D 
[A. 4] 
[A. s] 
[A. 6J 
EA. 73 
of wrap on roller n before the vertical. 
2) A similar disturbance in Lq_l, Lq arises from the vertical 
motion of a dancer roll. We can represent Lq as a function of the 
vertical displacement yq of the dancer roll. 
Fig. A. 3. 
From Fig. A. 3 we can see that 
G71 
qoqoq+l= 
and, by Pythaggoras, 
so 
,+$ 
-a 2qq 
[A. 83 
y2q = Lq 
2- 
IZg q+li2 = 
Lq +(Rq + Rg+1)? - IZQ0Q+lI2 C A. 9 3 
dL y dy sin(ý - aE) dy q_ :q9qg 
dt Lq dt cos dt 
where again ýq = sin 
1((Rq 
+ 
q+1)/LQ). 
C A. 103 
dL siný -aI) dy 
Similarly q_1 g1gqCA. 11 dt cos ýq-1 dt 
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3) Various other disturbances can be introduced, such as 
a "flat" on the surface of a roller, or more usually a roll of 
material. Most of these disturbances give rise to oscillations 
in the span length with periods the same as the period of rotation 
of the disturbing roller. In one important case, when the roller 
has an elliptical rather than circular cross-section, the oscillation 
has a period half that of the period of rotation. 
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